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Preface 


This collection of problems has been compiled to suit the texf- 
books entering into our series “Higher Mathematics”. Thése 
textbooks are referred to in the present collection as: 


[1] — Differential and Integral Calculus; 

[2] — Fundamentals of Linear Algebra and Analytical Geometry; 

[3] -- Differential Equations. Multiple Integrals. Series. Theory of 
Functions of a Complex Variable 


Indicated at the beginning of each section of the present book 
are the chee! and section from the above mentioned textbooks 
where the relevant theoretical material can be found. 

As a rule, each section contains a minimum number of problems 
which corresponds to the number of teaching periods assigned to 
study a certain topic. The odd-numbered problems may be 
recommended to be solved in auditorium, while the even-num- 
bered problems must be solved by students at home independently. 

The problems found in textbooks [1]-[3] may also be used for 
practical studies. These are not contained in the present Collec- 
tion. 


Yakov S. Bugrov 
Sergei M. Nikolsky 


Chapter 1 
INTRODUCTION TO ANALYSIS 





Sec. 1.1. Real Numbers. Sets 


Using the method of mathematical induction, prove the fol- 
lowing relationships: 


1.142434 ... +n = n(n+]1)/2. 
2. 124+ 22+ ... +n? = n(n+1) (2n4+1)/6. 
3. 1+x)? = 1l4+nx, x>-1. 


Oe. gc et ees 
204 0°55 Qn 2m 41" 
To solve the below problems, it is necessary to study Chapter 1 
from [1]. 


5. Let the set A consist of the youths of a given group, and the 
set B of the girls of the same group. Find AUB, AB, A\B. Also, 
consider the case when A or B is an empty set. 


6. Let A = {2n}, B = {2n+1}. Find A+B, AB, A\B (n natural). 
7. Which number is greater, a or b: a = 1.(1234512), b= 
= 1.112345); a = 1.112302), b = 1.(123); a = 1.123412), b= 
= 1.(1234)? 
8. Find out to what number a the sequence of real numbers 
a, = 0.1010101010..., 
a2 = 0.1100110011..., 
a3 = 0.111000111000..., 
ay = 0.111100001111..., 


a, = 0.11...100...01...10...0..., 


— ae 
ntimes rn times 


Ce cr  Y 


is stabilized. . 
9. Find the sum of real numbers a = 0.(12) and b = 0.(13). 


10. Given the sets A = [2, 5] and B = (3, 6). Find A+B, AB, 
A\B. 
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11. Solve the following inequalities: 
(a) |x+3| < 0.1; (b) |x-3] = 10 
(c) |x|>|x+3]; (d) |3x—1| < |x—1]; 


© |sqq|=1 

12. Which of the two numbers is greater: a or (— a)? 

13. Let a = 0. For what numbers b do the following relations 
take place 

(a) |a+b| = |a|+|5]; 

(b) |a—b| = |a|+|b]; 

(c) |a+ b| < jal+|>|; 

(d) |a—b| < |a|+|b|? 

14. Find the modulus of the given number: (a) In (I/e); 
(b) sin (37/2), (c) cos (7/4). 


Sec. 1.2. Limit of a Sequence 
(See [1], Chapter 2) 
15. Prove that 


n—> co 


and determine for every « > 0 the number 7 = mo (€) such that 
nti 
n 





-1[<e if n>n. 


Fill in the table: 








0.1 | 0.001 | 0.00001 | . 





In problems 16 to 19 find the indicated limits. 
n* sin (n!) 





i 0 ere 
16. oi rome 17. im ones (0<« <1). 
: 1 2 n-1 
18. lim (-+34+ ... + 
jim (ate 
: 1? 2 (n—1)? 
19. lim (s+ 03+ +). 


__ Ch. 1. Introduction to Analysis 13 





20. Prove that the variable «, is an infinitesimal if 
pa, patie J ee le 
+1? i nt?” 7 Vr+1 . 
21. Prove that the variable f, is an infinitely large quantity if 
Bn =(—1)"ns Bp =2¥"; By, = In(nt I). 


22. Will the sequence x, = n—"/2 be infinitely large? 
In Problems 23 and 24 prove the given equalities. 


23. lim (4/3n+10— +/3n) = 0. 


n—> oo 


24. lim 


n—> oo 


345 3 
2+3n+1 °° 2° 


Using the theorem onexistence of the limit ofa monotone sequence, 
prove that the following sequences are convergent (Problems 25 
and 26): . 


25. Xn = (1-5) (1-4) ... (I= 5). 


2 3 4 
6. Xn = pepe Fe 





27. Find the largest term of the following sequences: 
n Vnt+l 


Xn = on > Xn 10+n° 





28. Find the smallest term of the following sequences: 


Xn = (14+=)" : x, = n?—9n—10. 


29. Find inf Xn, sup x,(n € N), lim x,, lim x, if 


Xn = 1-1 : XxX, = ay (a € N). 


30. Which numbers are the partial limits of the sequence 


1 1 
l,>> —1,1 -1, 1,z> —1, 1, 6002 


1 
> 3 ’ 
A partial limit of an arbitrary bounded sequence is understood 
as the limit of its convergent subsequence. The existence of such 
subsequences in a bounded sequence is implied by the Bolzano- 
Weicrstrass theorem. 
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Applying Cauchy’s test for convergence, prove that the following 
sequences are convergent (Problems 31 to 33): 














sin 1? sin 2? +o Lae sin ue 
31. X= +t - = Py 3 
1 cos k! 
32.%0= Dg 33 m= x ReaD’ . 


Sec. 1.3. Functions. The Limit of a Function 
(See [1], Chapter 3) 


Find the domain E of definition of the function y = f(x) and the: 
image E, = f(E) of the set E with the aid of the function f (Prob-: 
lems 34 and 35). 

1 





34.y=j737- Bey /24+3x— 3x2. 
36. Find f(0), f(x+2), f(1/x), oe 1/ f(x) if 
f(x) = ms 7 


In Problems 37 to 41 find the graph of the given function. 
37. y= 8x—-2x%, 38, y= LE 








1+x? ° 
39. y=—x242x-1. 40. y= . 4. y= 2H 


42. Determine the lower and the upper bound to the set of values 
of the function f(x) if 


f@=x on [-2,5]; (x)= xt on (0, 3]. 
Hint. On the set (0, 3] (x) = 2 
43. Construct the graphs of the functions 
F(x) = sup {sing}; o(x)= inf {sin}. 
Ost=<=x O<t=x 


In Problems 44 to 48 find the limits of the indicated functions. 
oie 





44, (a) jim saya Bot (b) Jim Sot 
xe-1 | ~ (14+x)}?-(1+3x) , 
(c) rie we 2x x —x-— -—]? (d) fans ae Py 
V1+2x-3 . (x®4+3x—-1)\* . 
Oe ae mre aaa (f) tim (Fae ga) 3 
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F $13-2/x+1 . &/x—642 

— @ Jim, ny Vi AVE (h) tim Verse, 

\ 2 Sy, “ees 

\ ay 4j Vx-VatVvxna, 

: 0) au /x—a 

(j) lim . __ bin 4/x+i1—sin 1x]. 

x— 

45. (a) tim sin ae, (b) lim — (c) lim #24 tan 4x. 

x—+0 x0 


46. lim sais 


. x+0+0 =~ 


\, 
4 (a) Jim (14-2) > (b) lim (143x)"*; 
x—+0 


(c) lim (sin x)#"*; 


x—> n/2 


48. (a) lim 2024); py lim, €-2 (a> 0). 
x—->0 « —b : 
In Problems 49 to 56 ae ie given functions for conti- 
nuity, represent the functions graphically, and determine the cha- 
racter of the points of discontinuity. 


oo x41 
49. f(x)=|x-1]). 50. f(xy =f x-1? 7”? 
A, x= 1. 
= —2x— a AEX 
51. f(x) = sgn (x?—2x—3). §2. y= eer 
Biv cee 54. y = sgn (cos x). 
2x, Ox=x<l, cosx, x<0, 
5. y= 56. 2 


In Problems 57 and 58 prove that the fanerioiis f () are uni- 
formly continuous on [a, b], i.e. Ye > 0 there is 5(e) > 0 (indepen- 
dent of the points of the interval) such that 


Lfa)—S02)| < 


whenever 
|xX1—X2| < 4, 
x’, O=x <2, 
57. = 
£9) | 20-—8x, 2=x <3, 


58. f(y) =, Osx<=2, 
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59. Find the inverse of the function 


axt+b (ad be # 0). 


= cx+d 





Let x + 0. Separate the leading term of the form Ax” (Problems 
60 and 61). 


60. f(x) = 3xt+x4. 61. f(x) = V/14x- V/1-x. 
Sec. 1.4. Derivatives 
(See [1], Chapter 4) 
62. Find f’(0), f/(2), if f(x) = 2—2x+>°. 
63. Find f’(0), f’(1), if f(x) = x arc sin ae 
In Problems 64 to 71 find the derivatives of the given functions. 
64. y= —,; 


65. (a) y = x+0/x3 (b) y= ity 
x 


1 . 
an 
(y= eer 5 dd) y=xV1tx; 

a ——— 
We (f) y= AV xt-/x+-/x3 ; 


(@) y= V8F-Z (h) y = tan > —cot >; 


(e) y= 





sin x —x cos x — 1, = tan 2 
OY sa aes OY =sa5> (bh) y= 2° *; 
(l) y = e+e"; (m) y = x**+a" (a> 0); 
x? paces 
(n) y = arc sin s3 (0) y=arccos \/1—x?. 
66. y = tanx +4 tan? x 67. y = e-*’. 
68. (a) y = sin x2; (b) y = sin? x; (c) y = sin® x’; 


(d) y = cos(sinx); (e) y=cosx?; (f) y = cos? x4. 
69. (a) y = arcsin(x/a);_ (b) y = arc tan (x/a); 
(c) y = In(x+~/a+x2);  (d) y = arcsin (sin x); 
(e) y = arc cos (x/a), (f) y = e+, 
70. y = In tan (x/2). 
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71. (a) y= xarctanx; (b) y = In*x?; 
(c) y= In(In(in x); (d) y= = In a ; 
() y= VxtI-In(14+-Vx+1); (f) y = Intan($+4); 
(g) y = + (in? x+3 In? x+6 In x+6); 
(t) y= 3 (1- Vie )43 in (14 VIF); 


(i) y = /x—arctan+/x;  (j) y = are tan i, 





— ———= arc tan —— 


eo xi—x?4+1 ] V3 
Wy ze G?+1? 273 2x?—1 


> 


y= er sag tare tan x8; (m) y = arc tan (tan? x); 
(n) y = xarc tan x—0.5 In (1+ x?)—0.5 (arc tan x)?; 


(0) y = arc tan (x++/1+2?). 
(p) There takes place the formula 





a13(x) ee Gin(X) 
Q(x)... Ain(x) np | Ak=1, UX) «++ Aka, n(X) 
ae ecm mre c ccc ccee = Oja(x) ie Dien(X) : 
Gn1(x) cere Ann(X) keel Q+1, 1(x) wee Ay 1, n(X) 
Gni(X) 2+ Ann(X) 


where the elements of the determinant a(x) are differentiable 
functions. Hence, the derivative of a determinant of order n is 
equal to the sum of,” determinants of order n each of which dif- 
fers from the original determinant by that the appropriate row in it 
is replaced by the row made up from the derivatives of the ele- 
ments of the replaced row. 

Prove the differentiation formula for determinants of the second 
and third order. 

In Problems 72 and 73 find the derivatives and construct the 
graphs of the given functions and their derivatives. 


1-x, —-2<x<l, 
2. y= (1—x)(2—x), l=<x <2, 
= (2—x), 2<x~< 4, 
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3 ¥ x, x < 0, 
es In(i+x), x=0. 


Find the logarithmic derivatives (i.e. y’/y) of the indicated func- 
tions y (Problems 74 and 75). , 


jax 
14. y= xA/ 1%, 


75. y = cosh? x. 


In Problems 76 to 79 find the derivatives of the indicated hyper- 
bolic functions. 


76. (a) y = sinh (x?+ 1); (b) y = sinh? x, 

77. y = cosh? (x?+ x+ 1). 

78. (a) y = tanh? x; (b) y = tanh x?. 

79. (a) y = tanh (In x+ 1); (b) y = Arsinh x; 
(c) y = Arsinh(x++/1+x2);  (d) y = Insinh x; 
(e) y = coshIn x; (f) y = etanhx; 


(g) y = (sinh xjoshs (x>0); (hy y= 


cosh? x ° 
‘s x x 
(i) y = tanh 5 —coth 3° 
80. For the function f(x) = x°+.x+1 determine the differential 


and the increment at the point x = 1 for 4x = 0.1. 
In Problems 81 to 84 find the differentials of the given functions. 


81. d(xe*). 

82. d(sinh x). 

83. d(sinh x— x cosh x). 

84. d(In (1—’)). 

85. Find the second-order derivative of the following functions: 
(a) y = e-* = exp(—2); (bl) y = x V14 xX. 





ey 


where the functions yi(x), ..., yn(x) are continuous on (a, b) 
together with their derivatives up to order 7 inclusive. 
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Prove that 
Vix) «-- Val) 
Vix) Wal) 


re ey 


5 aes 63 a i C3) 
YP). WX) 

87. y = x, find d4y. 

88. y = e* In x, find dy. 

In Problems 89 to 92 find the derivatives y, and y of the 
functions represented parametrically if: 


89.x= 21-2, y= 3t-A. 90.x=2cost, y= 2sint. 
Nx=f, y= O-f—. 


92. x = t—-sin t, y = 1—cost. 


93. (a) Write the equations of the tangent and the normal to the 
curve y = 2+ x—x' at the point A = (2, —4). 

(b) Find out whether or not the graphs of the functions 
y =sinhx and y= 1n(1+2x) have a common tangent at the 
point (0, 0). 

The angle between two curves y = fi(x) and y = f2(x) at the 
point of their intersection with the abscissa x = Xp is defined as the 
angle p between the tangents to the curves at that point. Therefore 

> tang,—tang, _ Sz (Xo) fi Xo) 
tan p = tan (p2—91) l+tang,tang, 14+//Cof2@o)’ 
where 91, 2 are the angles formed by the indicated tangents with 
the x-axis (see Fig. 1). 

94. At what angle do the curves y = sinx and y = cosx 
(0 < x <2) intersect? ; 

+a 

95. At what angle do the curves y = x* and y = x1-« (0<a <1) 
intersect at the point (1, 1)? 

96. At what angle does the curve y 
y = In (1+(x/+/3)) intersect the 
x-axis? 

97. (a) Check the validity of 
Rolle’s theorem for the function 
y = (x—-1) (x—2) on [I, 2]. 

(b) The polynomial P,(x) = x*— 
—x3+x2—x has the root x= 1. 
Prove that the polynomial a P(x) 


has a real root belonging to the open interval (0, 1). 
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(c) Prove that all the roots of the polynomial P,(x) = 
= & (1—.x?)" are real and belong to the interval (— 1, 1). 

98. Check the validity of Lagrange’s theorem /(b)—f(a) = 
= f’(c)(b—a) for the function 


(a) y = 14+x+%'; 
(b) f(x) = x84+ Ax?+ Bx+C, where A, B, C are real numbers; 
(c) f(x) = Ax8+ Bx+C; on [0, 1]. Find the point c. 


99. Prove that if a function f(x) has a bounded derivative on 
(a, b)(|f’(x)| = M), then 


(a) f(x) is uniformly continuous on (a, b). 
(b) If a and B are finite numbers, then f(x) is bounded on (a, b). 


Hint. Let x be an arbitrary point, and let xo be a fixed point 
within (a, b). Then 


IF) | = [FOF Ho) +f) | 
= |f(x)—S (%)|+|Fo)| = [fC] |x— x0| + | fo) |, 
where c is found between the points x and Xp. 


(c) If the interval (a, b) is infinite, then the function f(x) may be 
unbounded. Consider the function f(x) = In x on (1, ©). 


100. Determine the intervals of monotonicity for the functions 

(a)y = 34+x-x; (bb) y = 4x-x4. 

If a function g(x) is continuous on [a, b] and has a positive 
(negative) derivative on (a, b), then it is increasing (decreasing) on 
[a, 5]. 

This fact can be utilized when proving inequalities. 

For instance, the function (x) = e*—1— x is continuous on 
[0, oo). It is increasing on [0, ), since p(x) = ex—1>0 on 
(0, oc). Further, g(0) = 0, therefore 


e*—1-—x>0, VxE€(0, ~). 


On (— ~, 0) the function (x) is decreasing, therefore ex—1—x > 
> g(0) = 0. Hence, Vx # 0 


e~> 14x. 
In Problems 101 and 102 prove the indicated inequalities. 


101. x= <sinx<x (x>0). 


102. cos x > os (x= 0). 
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In Problems 103 to 109 compute the indicated limits using 
L’Hospital’s rule. 








sin ax. vw - tan2x 
103. lim a, pe 04 im ; 
Sin Bx eo * 
: ween —2arcsin x . tan 2v—sin 2. 
105. lim - — 106. lim A 
x->+0 v x20 x 
¥ x’ 2 : A 
107. lim aa we 108. lim v*. 
xo Wr x> 10 


109. (a) fim EY"; (b) tim (M28) 





sinh ax . - tanh 3x , 
(¢), Simm Sah Be’ () lim an? 
x cot x—I tanhx—x | 
ne eee NO ie 
; tan 3v : : - 
(g) Pesan aye (h) ai (coth x - ae 


(i) lim ares (j) lim (in +)"; (k) lim (tanh x)*t 
x>1 x> +0 * x > foo 








() tim  ( ey (m) lim ==" @>0); 


cosh x 
aa cya 

(n) lim we (n—an integer); zie _ aes 

xa Fe es 

Ate 08 
m n iw) a 

(o) lim vie ee ston ts (m, n—integers); 

x—->0 


(p) lim YE; 


(q) Jim L(V xtV x+4/x— v3). Hint. Multiply and 


divide by the conjugate expression; 





. . - tanx—sin x 
(r) ny (1— x) tan > 3; (s) Taint 
110. Is it possible to apply L’Hospital’s rule in 


x— sin x 
x-+sin x 





x —> 0° 


“ In Problems 111 to 114 write the expansion of the given functions 
in powers of x. 
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111. f(x) = tan x up to the term 1°. 
112. f(x) = e?*-* up to the term x*. 
113. y = Incos x up to the term x‘. 


114, y = sin (sin x) up to the term x*. 
In Problems 115 to 118 find the indicated limits using the expan- 
sion by Taylor’s formula. 


115. lim SAPD 446. tim (t-54,). 





x+0 x‘ x+o\x  sinx 

—sinh ._ 1—cosh x? 

17. tin == 118. lim -— SS. 
x0 x—>0 * 


119. Applying Taylor’s formula compute the following num- 
bers: 


(a) e with an accuracy to 1076; 
(b) sin 1° with an accuracy to 1078; 


(c) 1/5 with an accuracy to 1073; 
(d) In 2 and In 3 with an accuracy to 1075 (see [1], Sec. 9.14, 


(8)). 


120. Investigate the following functions for a local extremum: 


a ae (b) y = |xI3 
(c) y= 2x°— x45 @y=x44; 

(ec) y=ersinx (O<x<22); (f) y= 1/44); 

(8) y = x/(1+42"); (h) y = °—6x2+ 9x—4: 


(i) y = cos x+ 0.5 cos 2x; 

(j) »y = sin x+0.5 sin 2x. 

121. Find the greatest and the least values of the given function: 

i . = 1 1 

(a) y = 2* on [0, 5]; (b) y = x+— on [= 10]. 

122. Find the distance from the curve y = x? to the straight line 
y-x+2=0. 

123. Find sup and inf of the following functions: 

1, O=x<l, 1+x? 
(a)y = | ee ee E (b) y= rae ae (0, -) 


124. Find the intervals of concavity and points of inflection for 
the following functions: (a) y = 3x?— x; (b) y = exp (— x”). 
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125. Find the asymptotes to the graphs of: the following func-’ 
tions: 
@ysxtty (bys em 


(¢)y = exp(—x); (@ y = In(l +e). 
126. Graph the below functions on having carried‘out a ‘complete’ 


investigation of their: behaviour: (extrema, points: of: inflection, - 
zeros of function, direction of concavity, asymptotes):- 





@y= Ties: l+x 
127. Graph the functions represented parametrically (see Sec. 


4.22 [1]). , 
— 7 _ 2 — 37 72: — 2+ eee 
(a)x=21t-?, y=3t-; (b) x= ieee: > ae 
2 2 Z 
128. (a) In an ellipse [+e 1 inscribe a rectangle with 
sides parallel to the coordinate axes having the greatest area (see 
Fig. 2). 
(b) Given a perfectly square sheet of tin with side a. Small 
squares of equal size with side x are cut away from its corners to 


make a rectangular box by bending the sheet along the dashed 
lines (Fig. 3). For what x will the volume of the box be the greatest ? 





Fig. 2. Fig. 3. 


(c) The ship K (see Fig. 4) is situated at a distance of 9 km from 
the nearest point B of the rectilinear seashore. A messenger has to 
be sent from the ship to the camp L found on the shore at a distance 
of 15 km from the point B (as measured along the shore). At what 
point P must the messenger pull in to the shore to get to the camp 
in the shortest time if he goes on foot at a speed of 5 km/hr and by 
boat at 4 km/hr? 
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N 





Fig. 4. Fig. 5. 


(d) From a round log of diameter d a girder of a rectangular 
cross-section with base a and altitude h has to be made up (Fig. 5). 
For what a and h will the girder be the strongest if it is known that 
the strength of a girder is proportional to ah?? 


129. In the parabola given by the equation y = 3— x? inscribe a 
rectangle having the greatest area so that one of its sides lie on the 
x-axis and two of its vertices on the parabola (Fig. 6). 


J 
3 





0} x ¥3 

Fig. 6. Fig. 7. 
130. Two ships A and B sail at constant speeds u and v along 
straight lines forming an angle 6. Determine the shortest distance 
between the ships if at a certain instant of time their distances from 


the point of intersection of their paths were equal to a and b, 
respectively (Fig. 7). 


131. Determine the radius of curvature of the given curves: 
2 2 

(a) = 2px; (b+) S+ R= 13 

() y= > (l—cost), x= > (t—sin 4) (cycloid). 


132. Write the equation of the evolute of the cycloid 
x =a(t—sinft), y= a(l—cos 2). 


Chapter 2 
INTEGRALS 


Sec. 2.1. Indefinite Integral 
(See [1], Chapter 5) 


Using the table integrals, compute the following integrals (Prob- 
lems 133 to 143): 





2 2 dd. 
133, [ x(5—x)tdx. 134. [(I—x*P dx. 135. —. 
136. [ (I+sin x+cos x) dx. 137. [ 2; eet, 


138. { tan? x dx. 139. | tanh? xdy. 140. i. coth? x dx. 


141. vier d x, 142. | (2x— 3) dx. 
Xx 


143. (a) [ 55 (b) { d=) 1-2x) 0-3) de; 
© | ( (£+5+$) ae: a 
1-x x+2 x 
olay © fee @ fk 
(ht) fas [Sas fe 39% ax; 
(k) i} (asinhx+bcoshx)dx; (1) J (2x—9)'° dx; 





o ” es 23a” ©) | ae 
(0) | Jes 5 (p) | (e-2*+ e- 3) dx. 


Transforming the integrand in a proper way or using suitable 
substitutions, compute the following integrals (Problems 144 to 
152): 

144. | AL 145. (= a =. 146. [| —* 


V1i-x J cos? x sin? x 
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, dx 
147, fk. ~ gage [i i 1499. 1 
lanes | gree ei 














(Lh) nrg 
150, fx/2—Sxdx. 151. [ aay) 
152. (a) [S (b) [BViteas; 
(©) ) oer (d) J 2) (e) i rears 
Of ees [Zax Wy foot xdr; 
Olam Ofwmzes Wf ce 


()) J sinh x dx; (m) | cosh xdx; (n) ie 3 


sinh? x ee 


da: 
OlyaR? WM [¥Viteds @ [<= 

Applying the method of integration by parts, compute the fol- 
lowing integrals (Problems 153 to 160): 








+e" 


153. are tanxdx. 154. [ xe-v ax. 155. | xsinh x dx. 
156. i} x sin x dx. 157. J are sin x dx. 
158. j xcosxdx. 159. i} arc tan 1/x dx. 
160. (a) i} x* sin 2x dx;  (b) i} x are tan x dx; 
(c) f x?e-2x dx; (d) leer dx; (e) J In x dx; 
(f) ee Inxdx (n#¥-1); (g) J# cosh 3x dx; 


(h) f x? sinh x dx; (i) f sin x In (tan x) dx. 


Applying the method of undetermined coefficients, find the 
integrals of the indicated rational functions (Problems 161 to 164): 


2x43 2x+1 
161. (a) J GaDeTH (0) la Wars 


12@%(s85; Ofatia: Ofaste 
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18.0) foe © Jere: 

164. (a) { oii © | eemernes 
(c) fests: (4) ou ; (©) pe 
OR are @ {25 


In Problems 165 and 166 integrate the given linear-fractional 
surds: 


1 
&: Fre 


«Olan © |aaye’ 


Vx+1-V/x-1 
© | ap © [VEE as 





o jn 
6) | Ss (n—a natural number). 
In Problems 167 and 168 compute the integrals of the indicated 
quadratic surds. 


167. j — 168. { a/®—2x+2dx. 


In Problems 169 to 172 integrate the indicated trigonometric 
functions: 


169. (a) J sin x dx (b) [& noe" 

170. (a) | cos? x dx; (b) [<& Eee 

171. | sass = tan 5). 

172. (a) { sarees (t= tan 2); 
O([oes Of-e: Ory: 


(e) J [tanh (2x+ 1)+coth (2x—1)] dx. 


28 __A Collection of Problems 





Sec. 2.2. Definite Integral 
(See [1], Chapter 6) 
173. Prove that the Dirichlet function 
_ 4% x—irrational, 
ve | 1, rational, 
is not integrable on any closed interval [a, b]. 


174. Without evaluating the below integrals, find out which of 
them is greater: 
7/2 n/2 nl2 
a) f sin x dx, | x dx, | > ax; 
o 0 


0 


(b) fe dx, fa +x) dx. 
0 0 


“ In Problems 175 to 179 evaluate the indicated definite integrals 


with the aid of the Newton-Leibniz formula: 





V3 nlA 
175. (a) { ae (b) [sin 2x dx; 
1/V3 ° 
2/2 ald 1/2 d 
(c) | cosxdx; (d) | tanxdx; (e) — ; 
[ves 


sinh 2 
dx 


f ‘ 
) | V14+x2” 
sinh 1 








2 2 
(2) [ [1-2] ds (h) [#10 x ae. 
0 1 


2/2 
dx 


116. [ aap Rarx (b> 0). 
0 « 


In2 


177. | xsinxdx. 178. | xe—* dx. 
0 0 


179. J xf’"(x) dx. 
0 


180. Prove that for integral k and /: 


22 

0, if KA, 
inkxsinlxdx = 

(a) ( sin kx sin Ix dx i kek 


(1) 
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22 o 
0, if kK#i/, 
©) | cos kx eos Ix dx = | : k=l: 


2x 
(c) i} cos kx sinIxdx =0, Yk, 1. 
0 


Hint. Transform the integrand to obtain a sum of trigonometric. 
functions. 


181. Find the derivative of the given integral: 
x b b 
d es ay d ay d ‘ 
(a) Fe | sin Pdt; (b) aa / VJ1+fdt; (c) ae J sin x2 dx. 


182. Check to see whether the mean-value theorem 
b 


[ f@ dx = FOb-a) 


is fulfilled for the function f(x) = x? on [0, 1). 
183. Evaluate the definite integral of the function 
1, 0O<x<il, 
f(x) = 


4—2x, 1<x <2. 


Sec. 2.3. Applications of Definite Integral 
(See [1], Chapter 7) 


In Problems 184 to 187 compute the area of the figure bounded 
by the indicated curves. 


184. y= x, y=2-x. 


185. y= h(I-45), y=0 (h>0,b>0) (Fig. 8). 


2 2 
186. + = 1. 
187. r = a(i+cos), r, m are polar coordinates (see Fig 9). 
188. Compute the arc length of the curve 


y=%-tinx (i <x <e). 


189, Find the arc length of the astroid (Fig. 10) 
XIS4 y3 = geld, 











Fig. 8. Fig. 9. 


190. Find the arc length of one arch of the cycloid (Fig. 11) 
x= a(t—sint), y=a(l—cosf) (0=t=<2zn). 

191. Derive the formula for the arc length of a curve given in 
polar coordinates by the equation 9 = (6). 

192. Find the arc length of the curve given by the equation 
r = acos3 +. in polar coordinates (Fig. 12). 

193. Find the arc length of the cardioid r = a(1+cosq) (see 
Fig. 9). 

194, Find the volume of the 

(a) cone with the generatrix y = + x (0<x<h) (Fig. 13); 


(b) conical barrel with the radii of its bases r1 and re and altitude 
h (Fig. 14); 


(c) solid generated by revolving one arch of the sinusoid 
y=sinx (0<x<n); 





Fig. 10, 








Fig. 12. Fig. 13. 


(d) solid generated by rotating the parabola y? = 2px about the 
x-axis (0 < x < a) (Fig. 15). 
195. Compute the surface area formed by revolving the curve 


(a) x = a(t—sin t), y = a(l—cost) (0<t<2z) about the axis 
of symmetry of the curve; 


(b) 9y? = x(3—x)? (0 < x < 3) about the x-axis; 

(c)y = 8 (0 <= x < 1) about the x-axis; 

(d) x = acos* t, y = asin® t (astroid) about the x-axis. 

196. Evaluate the given integrals by the rectangle formula, 
(rapezoid rule, Simpson’s rule and estimate the error: 


1 1 
a) {% @=9; () fs @=12). 
0 0 : 


197. Construct Lagrange’s interpolation polynomial of the 
third degree for the function f(x) if f(0) = 0, f(1) = 1, f(2) = 2, 
{(3) = 0. 





Fig. 15. 
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Sec. 2.4. Improper Integrals 
(See [1], Chapter 6) 


198. Evaluate the indicated integrals: 
r xdx , : 
(a) J iS: © fats eR 
F a 
x e 
1—x?’ ( 9 on xInx* 


199. Investigate the given integrals for convergence applying 
the comparison test: 




















(a) [ exp(—x) dx; (&) ( “L; 
J \ 7 


() j = dx; 
1 


200. Compute the below integrals using the method of integra- 
tion by parts: 








(a) I xe-* dx; (b) J e-**cos bx dx (a> 0); 
0 0 


7 


(c) J e* sin x dx. 
0 


201. Investigate the given integrals for convergence: 








d r sin xd 
(a) | SSS (p=0; () [ SS (p.g=0); 
0 





Chapter 3 


FUNDAMENTALS OF LINEAR ALGEBRA 
AND ANALYTICAL GEOMETRY 


Sec. 3.1. Determinants and Matrices 
(see [2], Secs. 1-3) 


In Problems 202 to 210 evaluate the given determinants: 




















5 3 1 2 8 5 
202. . 203. . 204, P 
6 4 ; | ; 2 
cosa —sin« cosa sina 
205. | « . a : 
sina cose sin B cos B 
x 2x+1 
—b l+x 1 
a7 re ee «gg 
a—b a+b sak x 
l+x 1+x 
i211 0 x 0 
209./1 2 Ii. 210. |x 1 x 
112 0x 0 








211. Find out whether the given permutation is even or odd: 
(a) 1, 2,4,3,5; (b) 5, 1, 2, 3, 4; 
(c) 1,3,2,5,4; (d) 1, 4, 3, 2, 5. 
212. Find the cofactors of all the elements in the determinant 


ax x 
A=\|x bx 
x x € 
and check to see that : 
A= > QA. : 
k=1 


213. Evaluate the below determinants by accumulating zeros in 
a row or a column. 


1141 1234 
2130 2234 
@ls 1 9 4/3 13 3 3 af 
4110 4444 
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214. Evaluate the following Vandermonde determinants: 











12 2 2 i ee 
1 3 3 § = 
(a) >» calz (b)!1 5b Bh. 
1 5 52 58 r -— 
1 6 & 6 | g 
215. Multiply the determinants 
12 3 Vs 
A=|3 3 2)|=5 and A= 
2 372 r ; 2| 





using all the four possible ways (i. e. by multiplying the rows or 
columns of 4, by the rows or columns of Az). Check to be sure 
that in all the cases the product of the determinants A = 4,/)y is 
equal to 35. 


216. Let there be given two matrices 


3 4 8 1 
a=(5 i} 2-( 3) 
Find the matrix C = AA+ uB if (a) A= 1, w= 2; (b) A=—5, 


b=2 
217. For the matrix 


find its transpose, or the conjugate matrix, A* and determine the 
rank of A. 


Sec. 3.2. Systems of Linear Equations 
(See [2], Sec. 4) 


In Problems 218 to 222 solve the given systems of equations 
using Cramer’s rule. 


3 a 1; 3 = 4, 
218. 2x1+3X2 9 Xit Xe 
3x14+ 5xe = 4, 2x1+ 4x2 =], 
2x— y+3z=9 
xty= 1, ’ 
220. | i = 221. } 3x—Sy+ z=—4, 


4x—Ty+ z= 5, 


Ch. 3. Fundamentals of Linear Algebra and Analytical Geometry 35 





x— y+3z=9, 
222. { 3x—Sy+ z=—4, 
4x—Ty+ z= 5. 


223. By transforming the augmented matrix B find out whether 
the system 
2x+7y+3z+ t= 5, 
x+ 3y+5z-—2t= 3, 
x+ Sy—9z+8t= 1, J 
5x+ 18y+4z+ S5t = 12 
is solvable. 
224. Find the ranks of the matrices 


2145 
A={1 01 2], B= 


1 
2 
12 4 QO, : 


— im NK 


1 
1 
3 
1 


own = 


0. 


by transforming the rows and columns of the given matrices (by 
accumulating zeros). 


Sec. 3.3. Vectors 
(See [2], Sec. 5) 


225. (a) Find the projection of the vector a = (1, 4) on the di- 
rection determined by the vector b = (1/4/2, 1/+/2). 

(b) Compute the projections x, y, z of the vector a on the coordinate 
axes if [a] = 2, « = 7/4, B = 2/3, y = 2/3, where a, B, y are the 
angles formed by the vector a with the x-, y-, and z-axes, respec- 
tively. 

(c) Find the projections of the vector a from (b) on the directed 
straight line L with the unit vector b = (1/2, 1/2, 1/+/2). 

226. Let there be given two vectors: a = (1, 2,2), b = (2, 1, — 1). 
Kind the moduli of these vectors, the distance between the points 
a and b (provided that the vectors a and b are laid off from the 
origin) and the scalar product ab. 

227. Find the cosine of the angle between the following pairs of 
vectors: 


(a) a = (2, —4, 4), b = (—3, 2, 6); 
(b) a= (4/2, 1, —1), b me, (1, 0, 0); 
(c)a=(1,3, 6), b=(i, 1,0). 
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228. Can the vector a = (x, y, z) make the angles « = 2/6, 
B = 2/4 with the coordinate axes? 

229. Find the coordinates of vector a if |a| = 3, e=fB=y. 

230. Given two vectors a and b such that |a| = 13, |b] = 19, 
|a+b| = 24. Find |a—b|. 

231. Given two vectors a and b such that |a| = 11, |b| = 23, 
|a—b| = 30. Find |a+b|. 

232. Find the angle between the vectors a = (1, 1, 1, 1) and 
b = (0, 1, 0, 1). | 

233. Let the vectors a and b ~ 0 be orthogonal. For what 
value of the parameter 4 is the vector a+b orthogonal to the 
vector a+b? 


Sec. 3.4. Dividing a Line Segment in a Given Ratio 
(See [2], Sec. 7) 


234. On the line segment in the three-dimensional space R3, 
connecting the points O = (0, 0, 0) and A = (I, 2, 2), find the 
point M = (x, y, z) dividing this segment in a ratio 2:3. 

235. Find the coordinates of the centre of gravity M = (x, y) 
of the system of two material points A = (3, —5), B = (-1, 1) 
at which the masses g = p = | are concentrated. 

236. If in Problem 235 q = 3, p = 5, find the coordinates of the 
centre of gravity. 

237. A line segment with the end points A = (J, —5), B = (4, 3) 
is divided into three equal parts. Determine the coordinates of the 
division points. 


Sec. 3.5. The Straight Line 
(See [2], Sec. 8) 


238. Find out which of the points M; = (3, 1), Mz = (2, 3), 
M3 = (—2, 1) lie on the straight line 2x+3y—13 = 0. 

239. Write the equation of the straight line 2x+3y—13 = 0 
in the slope form and also as the equation of a straight line passing 
through some point in a given direction. 

240. Given a straight line x+2y+1 = 0. Write the equation of 
the straight line passing through the point Mo = (2, 1): (a) parallel 
to the given line; (b) perpendicular to the given line. 

241. Given: the equations of two sides of a rectangle 


2x—3y+5=0, 3x+2y—-7=0 


and one of its vertices O = (0, 0). Write the equations of two other 
sides of this rectangle. 
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242. Reduce the equations of straight lines: (a) 2x+ 5y+4= 0; 
(b) x+y—1 = 0; (c) 2x—y+3 = Oto the normal form. 

243. Find the distance from the point A = (1, 2) to the straight 
line: (a) 2x+ 4y—5 = 0; (b) 2x+ 8y+1 = 0; (c) x+y = 0. : 


Sec. 3.6. The Plane 
(See [2], Sec. 9) 

244. Write the equation of the plane passing through the point 
Mo = (1, 2, —3) perpendicular to the vector v = (1, —2, 3). 

245. Write the equation of the plane passing through the three 
points: (1, 1, 1), 7, —1, 0), (2, 1, 3). 

246. Write the equation of the plane passing through the point 
(1, 1, 1): (a) perpendicular and (b) parallel to the plane 

2x+4y+z—5 = 0. 

247. Which pairs of the below equations define parallel planes 

(a) 4x+ 2y—4z+5 = 0, 2x+y—2z—1= 0; 

(b) x—3z4+2 = 0, 2x—6z—7 = 0; 

(c) 2x—3y+5z—-7=0, 4x—6y+10z—14 = 0; 

(d) 2x—3y+5z-7=0, 4x—3y+10z—14 = 0. 

248. Reduce the equation of the given plane: (a) 2x—3y+6z— 
—7 = 0; (b) 4x—y+8z— 14 = 0 to the normal form. 

249. Find the distance from the point A = (1, 2, 1) to the indi- 
cated plane: (a) 2x—3y+6z—7 = 0; (b) 2x+y—2z—1 = 0. 

250. Find the angle between the planes from the preceding prob- 
lem. 

251. Write the equation of the spherical surface with centre at the 
origin touching the plane 2x+ 3y+4z—12 = 0. 

252. Write the equation of the plane 2x+ y—5z—6 = 0 in the 
intercept form. 


253. Write the equation of the plane which passes through the 
point (2, —1, 1) perpendicular to the planes 2x—y+3z—1 = 0 
and x+2y+z = 0. 

254. Determine the angles «, 8, y formed by the normal to the 
plane: (a) x+y +/2+z—1 = 0; (b) x+/3+y+1 = 0 with the 
coordinate axes. 

255. Compute the distance between the parallel planes: 


(a) x-—2y—2z—-1=0, (b) 2x—3y+6z—-1 = 0, 
x—2y—2z—6 = 0, 4x—6y+12z+1= 0. 





Sec. 3.7. A Straight Line in Space 
(See [2], See. 10) 


256. Find the points at which the straight line 
2x+y—z—3 = 0, 
x+y+z—-1=0 
pierces the coordinate planes. 
257. Find the relations which must be satisfied by the coefficients 
of the straight line 
Aix+ Biy+Ciz+ Di = 0, 
Aox+ Boy+Coz+ Do = 0, 


in order that the latter: (a) intersect the axis of abscissas, (b) coin- 
cide with it. 
258. Write the canonical equations of the straight line passing 
through the point (1, 0, — 1) parallel to the vector a = (2, —3, 5). 
259. Write the parametric equations of the straight line passing 
through the point (1, —1, —3) parallel to the vector a = (2, 1, 5). 
260. Write the canonical equations of the straight line: 


(a) | x—2y+3z—4 = 0, (b) | Sx+ y+ z = 0, 
3x+2y—5z—4 = 0; 2x+ 3y—2z+5 = 0. 
261. Find the angle p between the straight lines 
Cee a EE eee 


1 i aoe Al Lo ae 
262. Given two straight lines 
X42 0 y z—-1 x—-—3 y-l z-7 


yaa oe are i 4 2 





For'what value of / do they intersect? 
263. Write the equation of the straight line passing through the 
point (1, —1, 0) perpendicular to the plane 2x—4y+2z = 3. 


Sec. 3.8. Orientation of a System of Vectors. 
The Vector Product of Two Vectors. 
Triple Scalar Product 
(See [2], Secs. 10-13) 
264. Given two vectors: 
(a)a=(1,2), b=(3,5); (b)a=(1,2), b= (3, 7). 
Find out their orientation with respect to the xy-system. 
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265. Let the vectors a and b form an angle m = 2/6 and let 
|a| = 7, |b| = 6. Find |axbj. 
266. Find out whether the vectors a = (1, 0, 3) and b = (2, 0, 6) 
are collinear. 
267. What condition must be satisfied by the vectors a and b 
in order that the vectors a+b and a—b be collinear? 
268. Prove that if a+b+c = 0, then aXb = bXce = cXa. 
269. Compute the sine of the angle formed by the vectors a = 
= (—2, 2, 1) and b = (6, 3, 2). 
270. Find the area S of the parallelogram constructed on the 
plane vectors a = (1, 2) and b = (3, 4). 
Pcocriie 1. If a triangle with vertices A = (x1, yi), B = (xe, y2), 
= (x3, Y3) is given in the xy-plane, then the area of this triangle 
is ob equal to half the area of the parallelogram constructed 
on the vectors AB= (x2-— X41, yo—yi) and AC = (x3— x1, Ys—yi)- 
Hence, the area of the phe 3 ABC is equal to 


| 1 =A] ye- yi | 
| 2 V3 M1 Ya— Pal 





This equality can also te written in the form 


[psd 
S= 5 X2y ye 1 
X3 V3 1] 








This determinant of the third order is equal to the second-order 
determinant written above. To make sure that it is so, it suffices to 
multiply the first row of the third-order determinant by (— 1) and 
to add to the second and third rows and then to expand the deter- 
minant in terms of the elements of the third row. As an example, 
compute the area of the triangle ABC with vertices A = (1, 2), 
B= (2, —1), C = (0, 1). 

271. Check to see whether the below vectors are coplanar: 

(a) a= (2,3, —1), b= (1, —1, 3), = (1,9, —11); 

(b) a = (i, 1, 0), b = (0, J, 0), c= (1,1, 1). 

272. Prove that the four points A = (1, 2, —1), B = (0, 1, 5), 
C = (-1, 2, 1), D = (2, 1, 3) lie in one plane. 


Remark 2. The Mutual Positions of Two Straight Lines. 
Let us be given two straight lines 


x7*1 Y7Y1 z7—2, 
Oy By Mm” ( 1) 

X-—Xe V—Vo Z—Ze 
Paty ete, (Ly 


ty, Bp? 
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where «?+ 67+ 7 = 1 (¢ = 1, 2). We introduce (unit) vectors 
al = (a1, fi, v1), a* = (a2, Bo, 72), 

and points 
Ay = (1, 1, 21), Aa = (Xo, 2, 22). 


The distance d between two straight lines L, and Ly is defined as 
the minimum of distances between two arbitrary points A © Ly and 
Be Lo. 

, Three cases are possible here: 
I. L, and Lz intersect at some point. In this case, obviously, 


II. L, and Ly» are skew lines, i.e. they do not intersect and are 
not parallel to each other. In this case the vectors a! and a? are 
noncollinear and the distance d between L, and Ly» is computed by 
the formula 

Ne Np YamVi 22-2, 


OT ih | 
d=|AAl Sat = Tae || @ Bo ee 
(om) Bs ye li 


Indeed, let JZ, be the plane passing through L, parallel to Le 
and let J72, be the plane passing through Ly» parallel to Ly. It is 
obvious that the planes /7,; and JZ are parallel to each other and 
perpendicular to the vector a! Xa”. Therefore, the distance between 
the straight lines L; and Le is equal to the distance between the 
planes JZ, and IT2. Since the point A, ¢€ Li € 1, and the point 
A2€ L2€ LHe, the distance d between IT, and IT. is, obviously equal to 
the absolute value of the projection of the vector A;A»2 on the 
vector a! Xa?: 

d= | pratycat AA is 

Ay which equals the right-hand member 
of (1) (see [2], Sec. 5, p. 39). 

Ill. Ly, and Lz are parallel. In this 





d case we may regard that a! = a? 

(changing, if necassary, the sign in 

4 = the equations of L»). The distance d 
YP 4, A? between Li and Ly» is computed by 


Fig. 16. the formula 





d= /|A,Az! — (Pty Ayo)” = V|A,Ag?-A,A2, a? 


= V (xe =X)? + (Ye — Vy)? + (Ze — 24)? — LX — 4) + V2 — Bi + (Ze — aril? 
(of +hi+yi = 1). 





(see Fig. 16). 
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Remark 3. Two Straight Lines Belonging to One Plane. 
Let us show that for two straight lines L; and Lz to belong to 
some plane, it is necessary and sufficient that the equality 


Xo—-X1 Ye-yYi 22-2) 
Oty Bi yi |=0 (2) 
Xe Be V2 


be fulfilled. 

Indeed, this equality can be written in vector form in the fol- 
lowing way: A;A2(a!Xa2) = 0. But this is just the condition of 
belonging of the three vectors A,Aoe, a', a? to one plane (see [2], 
Sec. 13) and, hence, the condition of belonging of the straight lines 
L, and Lz to one plane. 


Remark 4. In Cases I and III the lines L; and Lz are, obviously, 
found in one plane. Therefore, for them equality (2) is fulfilled. 
As far as Case II is concerned, it is obvious that L; and Le do not 
belong to any one plane and, therefore, in this case equality (2) 
is not fulfilled. 

Given below are some exercises in finding the distance between 
the indicated pairs of straight lines: 














5 4° 5 6 8? 

x-1  y-2_ 2-6 x _yr-l_ 2-2, 
ge ae a Og ae 
x-1_ y-2_ z-1 x-S y-3_ ztl, 
Org a a ge on o6r 
x-2  ytl 2 x-2  yt+2  zt+l, 
yaa se 2° 4° 6” 
x yr-l_ 242 x-1  y+2_ 2-6, 

OS a ge age Sg 
(f) x+1 — yt _ 2-1 xt+l_ y+ = z-1, 
1 amen tee 2 3 ee 


(answers: (a) 0; (b) 3/4/2; (c) +/33/2; (d) +/3/14; (e) 7/+/2; (f) 0). 
Let us consider the solution of Problem (b). In this example 
A; = (1, 2, 6), As = (0, 1, 2). The vectors (4, 5, 4) and (1, 2, 1) 
are not unit vectors. Multiplying the equations of the given lines 
by the moduli of these vectors, we obtain the equations of the lines 
in the desired form: 
x-1 y-2 z—6 x y-l z—2 


4//51 5/\/57—« 4/0/57” V6 ~—ODDV—«*dA‘V'8 








ie. ay = 4/9/57, By = 5/4/57, 1 = 4/1/57; a2 = 1/06, Bx = 
= 2/+/6, yo = 1/+/6. It is easy to check that condition (2) is 
not fulfilled, i.e. our lines are skew lines. Therefore, the required 
distance will be found by formula (1). Let us find the vector 
product of the unit vectors at = (a1, 81, 771), a2 = (a, Be, yz): 
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i j k | 
a! <2? = | aL Bi wal = 4 Bs [—3i+ 3k]. 
6-57 
a: Be ys Vv 








Hence, |atxa?| = 1/4/19. Now by formula (1), we obtain 





geet) , 
d= 19), 4. 35°) Qa ee ee 
v 1 2 1 | V57-6 V2 

! 





Remark 5. The Volume of Tetrahedron. 
Let in space there be given a tetrahedron (triangular pyramid) 
ABCD with vertices A = (x1, yi, 21), B= (Xa, ya, Ze), C= 
= (%3, y3, 23), D = (4, Ya, Za). 
mete es It is required to find the volume 
Ps j of this tetrahedron (Fig. 17). 

As is seen from the figure, the 
| volume of the tetrahedron ABCD 
| is equal to 1/6 the volume of the 
| parallelepiped constructed on the 

I vectors AB, AC, AD. But we 
| know (see [2], Sec. 13) that the 
— volume of this parallelepiped is 

equal to the absolute value of 
the triple scalar product of the 
vectors AB, AC, AD. Therefore, 
the volume V of the triangular 





X3 Y3 23 


iXg—X1 Va-Vr 2g 21 
! Ng Ya 24 


pyramid ABCD is equal to 

| | xXe—-x1 pe-yi 22-2 a oe ie: 
= [Ay —x = os es 
= 6 |%37~%1 Ya Yr 23-21) | = | | 1 
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Problems. Find the volume of the tetrahedron given by its ver- 
tices: 


(@) 4=(0,0,0), B=(1,1,0, C=(21,0, D=(0,0,6); 
(b) A = (0,0,0), B= (4,1,1), C=(1,1,0), D= (0,0, 8); 
(answers: (a) 1; (b) 4). 


Sec. 3.9. Dependent and Independent Systems of Vectors 
(See [2], Sec. 14) 


273. Find out whether the vectors 
(a) at = (1, 1,1,1), a? = (1, 2, 1, 2), 
a’ = (3,1,3,1), at = (0,1, 1, 0); 
(b) a! = (1, 0, 1), a? =(1,1,2),  a® = (2, 1, 2) 
are linearly dependent or linearly independent. 


274. Prove that a system of vectors containing two equal vectors 
are linearly dependent. 


275. Find all the values of A for which the vector b = (7, —2, A) 
is linearly expressed in terms of the vectors at = (2, 3, 5), a? = 
= (3, 7, 8), a8 = (1, —6, 1). 


Sec. 3.10. Linear Operators. The Basis 
(See [2], Secs. 15-17) 


276. Compute the product of the matrices AB and BA: 


wR 9-64 


5 8-4 3 2 
()A=|6 9-5], B=|4 1). 
A 3 1 2 


277. Compute the below expressions: 
11) [1 ae '): ( V3 
VG. = (6 aio a) O01) 3 


(c) (; a (n > 3). 
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278. Find all the matrices B= (? permutational 


(commutative) with the matrix A: 


o4-() 3) w4-()3) 


279. Find the inverse to the given matrix: 


2 5 #7 
1 2 
@ 4=(} Al was 3 4) 


(= a —sin *) 
sina cosa) 


(c) A= 


280. Solve the matrix equation 


1 -2\.2.43 /S =(* ,) 
(; x= AE where XY = ae: 


Solution. Let us find the inverse of the matrix A= 
= (j 4): An = 4 Ay =—-3, An =—-2, Av=1l; A= 





Ay An 

ee -2 +1 
At = = 

Au Az Ey te 

a oe, 2 ~3 


Multiplying both sides of the equation by Aq}, we get 


(4-14 = E): 
3 5 -1-1 
=— -1 — 
X=A (3 y= (3 3): 
281. Solve the matrix equation 


3 -2 -1 2 
x.(; ~4) os ( a) 
To find the inverse A~! of the matrix A, we have to solve 
the system y = Ax with respect to x. Let x = By. Then 471 = B, 


since ABy = Ax = y, i.e. AB = E; BAx = By = x, ie. BA= E, 
where E is a unit matrix, i.e. AB = BA = E. 
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Let us apply this method to find the inverse of the matrix A = 


; ‘): We form the linear system 


~\3 4 
| Xy+2x2 = V1, 
Ax=y or 
3x1+4x2 = yo. 
Solving this system we obtain 
x1 =—2yitye, 


3 1 
x2 = a YI— FZ Ye 


Hence, 


282. Using the indicated method, find A-1 for the given matrices: 


1 1 0 
1 2), — 
wet o-( 1 


283. Find out which of the operators in Ax is a linear one, and 
for a linear operator find its matrix: 

(a) Ax = (xe+X3, 2x1+-%3, 3x1— X2+ X3)3 

(b) Ax = (x1, Xe+1, x3+1). 


284. Let in the basis i', i?, i8 there be given linearly independent 
vectors a', a?, a®. Find the linear transformation transferring the 
vectors’ a}, a?, a° into b', b?, b® respectively if 


at = (2,3,5), a? = (0, 1, 2), a® = (1, 0, 0); 
bH=(,1,), b=(,1,-1, b= (2, 1, 2). 
Hint (see [2], Sec. 16). If we are given the systems of vectors 
a’ = (411, G21, 431), a® = (412, G22, 32), a = (13, des, dss); 
bt = (bi1, bei, b31), b? = (b12, bee, bs2), —b® = (bis, bes, bas), 
then the linear operator generated by the matrix 
Q411 412 13) 
A= (« a22 3} 


431 32 Ass, 
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maps the basis i, i?, * into a‘, a2, a®, respectively. Consequently, 
A maps a’, a?, a° into i, i?, #, respectively. Further, the operator 
B generated by the matrix 
bir bie big 
B= bei bee bes], 
bi b32 bs 
maps i}, i?, i® into b', b?, b’, respectively. Hence, BA~1 maps 
a}, a2, a? into b’, b?, b*, respectively. 
285. Find the linear transformation mapping the vectors 
a! = (2, 0, 3), a? = (4, 1, 5), a3 = (3, 1, 2) 
into the respective vectors 
b' = (1,2, —1), b? = (4,5, —-2), B= (1, —1, 1). 
286. A linear transformation A has the matrix 


1 2 0 1 
3 O-I1 2 
2 35 3 #41 
1 2 1 3 


in the basis #, i?, 8, i4. Find the matrix of the same transformation 
in the basis: (a) P, ®, 2, i; (b) #, 2+P, H+P2+P, 2+ 24R+H. 

287. In the basis at = (1, 2), a? = (—1, 1) a linear transforma- 
tion A has the matrix 


1-2 
= (| a) 
Find the matrix of this transformation in the basis b' = (1, —2), 
b? = (3, —1). 
2 


288. Let transformation A have the matrix A = (° ‘) in the 


basis a‘, a2 (see Problem 287). Find the matrix of this transforma- 
tion in the basis b‘, b?. 
289. Which of the given pairs of vectors are orthogonal: 


(a) x = (1, 2,3), y = (0, —3, 2); 
(b) x= (1,2,1), y= (0, 1, 2); 
(c) x= (1,0,1), y = (0,2, 1). 
290. Show that the system of vectors 
e! = (1, 2, 3), e? = (0, —3,2), e = (13, —2, —3) 


is an orthogonal basis in R3. Find the coordinates of the vector 
x = (1, 0, 0) in this basis. 
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291. Supplement an orthonormal system of the vectors 


x= (1/1/2, 0, 1/+/2, 0), y= (0, —1/r/2, 0, 1/4/2) 


with the vectors z and t to complete an orthonormal basis in Ry. 
292. Find out the orientation of the orthogonal basis with 
respect to the main basis i+ = (1, 0, 0), i? = (0, 1, 0), 8 = (0, 0, 1): 


2 2 1 2 1 2 
1_(2 2 1 Oo [2 a al ce 
@a=(5,5, x), v= (5, xy 3) 


293. Let a new orthogonal basis b', b* be given by the orthogonal 


matrix 
4-(iin van} 


Write the formulas relating the coordinates (x1, x2) of the vector a 
in the old basis with its coordinates (x;, x3) in the new basis. 


294. Let the basis a’, a2 be given by the matrix A = (; i): 


Write the transformation formulas for passing from the coordinates 
of the vector a in the old basis to the coordinates in the new basis, 
and vice versa. 


Sec. 3.11. Linear Subspaces 
(See [2], Sec. 20) 


295. Is the following set of vectors a linear subspace: 


(a) having odd integral coordinates; 

(b) having even integral coordinates; 

(c) lying on a straight line passing through the origih; 

(d) lying on the x- or y-axis; 

(e) whose terminal points lie in the first quadrant of the coordi- 
nate system (the initial points of the vectors are supposed to be 
coincident with the origin); 

(f) whose terminal points lie on a given straight line; 

(g) whose terminal and initial points lie on a given line; 

(h) which are all possible linear combinations of the vectors 
X',x?, 2.2, x* in Ry (kK <n)? 
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296. Enumerate all linear subspaces of Ro. 


297: Let L be a subspace of Re (that is, the set of vectors lying on 
the straight line x2 = kx,). Find the subspace L’ which is ortho- 
gonal to the given one. 


298. Find the dimension and basis of linear subspaces which are 
linear combinations of the indicated vectors (or, as we say, spanned 
on a given system of vectors): 


(a) at = (1,0,0, —1), a? = (2,1,1,0), a= (1, 1, 1, 1), 
a‘ = (1, 2, 3, 4), a} = (0, 1, 2, 3); 
(b) at = (1,0, 1), a? = (1, 1, 1,) a® =(2, 1, 2), at = (3, 2, 3). 
299. Let L be a subspace in Ry spanned on the vectors 
a' = (1, 0,0, —1), a? = (2, 1, 1, 0). 

Find the subspace L’ orthogonal to L. Let the vector a be orthogonal 
to L’. Prove that this vector is a linear combination of the vectors 
a!, a? (a = aa!+ Ba’). 

300. Let e!, e? be an orthonormal basis in a plane and linear 


1 2\. : 
1 i) in the basis f! = el, f2 = 
= e!+e2. Find the matrix of the adjoint operator A* in the same 
basis f}, f?. 

Solution. In the basis e1, e? the matrix of operator A* is a trans- 
pose of the matrix of operator A. 

Let us first find the matrix of operator A in the basis e', e?. 
We have 


A(e!) = A(f!) = f1+f? = 2e1+e?; 
A(e?) = A(f?—f) = A(f?)— A(f*) = f1—2f? = —e!—2e?. 


Thus, the matrix of operator A in the basis e1, e? has the form 


2-1 2 1 
a=((73) #=(4 2): 
Now we find the value of operator A* on the vectors f}, f?: 
A*f! = A*e! = 2e!—e? = 3f!—f?, 
A*f? = A*(el+e2) = A*el+ Ate? = 3f1—f2+e!—2e? = 6f!—3f?. 


Hence, the matrix of A* in the basis f1, f? has the form 


(_; 5) 


operator A has the matrix 
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301. Let in Problem 300 the matrix of operator A in the basis 


f1, f? be equal to (; i): Find the matrix of A* in the same 


basis. 


302. A linear operator A in the basis f! = (1, 2, 1), f? = (1, 1, 2), 
f? = (1, 1, 0) is given by the matrix 


1 1 3 
0 5-1}. 
2 7-3 


Find the matrix of A* in the same basis regarding that the coordi- 
nates of the vectors are given in some orthonormal basis (for in- 
stance, f! = e!+ 2e?+ e’). 


Sec. 3.12. Self-adjoint Operators. Quadratic Forms 
(See [2], Secs. 22, 23) 


303. Find the greatest eigenvalue of the self-adjoint operator 
defined by the matrix: 


wal: @4=( 3) 


304. Using Sylvester’s theorem, find out whether the given 
quadratic form is strictly positive: 

(a) xi+ xe+ 3xd+ 4x yX2+2x1x3+ 2X0x33 

(b) 2X1X2+2x1X3+ 2X 1X4 + 2X2X3+ W2xX4+ 2X3Xa3 

(c) QxF+ x¥+ 3x3+2x1xX2t 2x1x3+ 2x0. 

305. By finding the eigenvalues, find out the type of the quadratic 
form: 

(a) f= x°+4xy—y*; 

(b) f = x2+ 26y?+ 10xy; 

(c) f = x2+3y?+2 /3xy. 

306. Reduce the indicated quadratic form to the canonical form: 

(a) 3x$+-3x$+ 4x1x2+ 4x1x3—2x0%x33 

(b) Ixe+ Txk+ 1x84 2X1X2+2%1X3— 2X2X3. 

307. Find the orthogonal transformation which reduces the fol- 
lowing-forms to the canonical form. Write this canonical form: 

(a) Oxt+ 5x3+ 7x3 —4x1x%0+4x1x33 

(b) 17x7+ 14x$+ 14x3-— 4x1Xe- 4x1x3— 8x0Xx3. 
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Sec. 3.13. Second-order Curves 
(See [2], Sec. 24) 


The general equation of a second-order curve is written as 
Ax?+2Bxy+Cy?+ Dx+Ey+F = 0, dd) 


where A, B, C are not all zero. 

We assume that B = 0. Equation (1) can also be reduced to this by 
setting x = x’, y=—y’. An appropriate orthogonal transfor- 
mation reduces equation (1) to the form 


A&2+ Aon?+ 2dE+2en+g = 0, (2) 


where Aj, Az are the eigenvalues of the linear self-adjoint operator 
generated by the quadratic form 


Ax?-+2Bxy+Cy? (3) 


and d, e, g are certain numbers. For B = 0 equation (1) has form 
(2). Therefore, further on we assume that B > 0. 

The coordinates &, 7 are considered in a new rectangular system 
(new orthonormal basis) whose unit vectors are the eigenvectors of 
the indicated self-adjoint operator. In this case, if the first eigen- 
vector x! (unit vector), corresponding to the eigenvalue 41, has the 
coordinates (xo, yo), then for the second eigenvector (for B > 0) we 
take the vector (—yo, Xo) or (Yo, —~o). Note that the vectors 
(Xo, Yo), (—Yo, Xo) are oriented in the same way as the initial basis 
i = (1, 0), j = (O, 1), whereas the vectors (xo, yo), (Yo. — Xo) are 
oe a =—1<0O}. 

Yo —Xo 
Thus, if B > 0, then the coordinates are transformed to the form 


| xX = xo Fyon, 
Y = Yost Xo. 


In the two-dimensional case the eigenvalues and eigenvectors can 
be computed by the formulas obtained in [2], Sec. 24: 


ay = AEE 4 VARTA, 


oriented in the opposite way (4 = 


ay = Mo) VaR Cys 


»= | t+ S Rosca =cy’ 





ana /3- aes ra 
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Of course, each time the eigenvalues can be found as the roots 
of the characteristic equation 

A-iA B 

B C-A\_ 


and the coordinates of the eigenvector x! as the solution of the 
system 





| (A—Aj)x0+ Byy = 0, 
Bxo +(C—Ax)yo = 0. 
If both eigenvalues 2; and A, are not equal to zero, then equation 
(2) can be written in the following way: 
2 d 
AE—aP+An—-BP= 7, a=-7, B=-z, @ 
where y is a constant. Whence, setting u = —a, v = n—B, we get 
Ayw+ Agu? = y. (5) 


lf AC—B?>0, then A;A2>0, and (5) directly yields the 
canonical equation of an ellipse (real or imaginary) or a point. 

If AC—B? <0, then A442 <0 and (5) readily yields the 
canonical equation of a hyperbola or a pair of intersecting straight 
lines. 

And if AC— B? = 0, then 4,4, = 0. But if one of the eigenvalues, 
say Aj, is different from zero, then equation (2) is written in the form 

Ai(E—«)?+ 69 = w. (6) 

If 6 = 0, then equation (6) defines a pair of straight lines (real or 
imaginary). But if 6 ~ 0, then, setting u = E—a, v = 1-> and, 
possibly, v = —v’, we obtain the canonical equation of parabola. 

308. Find out the type of the following curves and reduce their 
equations to the canonical form: 

(a) 3x?+ 3y?— 6x—12y+3 = 0; 

(b) 3x2+ 2y?—6x— 12y+15 = 0; 

(c) x*—2y?+ 4y—4 = 0; 

(d) 3x?—6x+ 3y?—12y+15 = 0; 

(e) x*—2y?+4y—2 = 0; 

(f) 4x—3y?+ 12y—12 = 0; 
(g) 3x2+ 2y?—6x—12y+22 = 0. 
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309. Determine the type of the following curves and reduce 
their equations to the canonical form. Write the transformations 
of the coordinate system. Represent the coordinate systems and 
the curves. 


(a) 3x?+ 10xy+3y?—2x— 14y—13 = 0; 
(b) 25x?— 14xy+ 25y?+ 64x— 64y—224 = 0; 
(c) 9x?—24xy+ 16y2—20x+ 110y—50 = 0. 


310. Given the equation of a curve: 4x2—4xy+y?+6x+1 = 0. 
Determine for what values of k the straight line y = kx 


(a) has one common point with the curve; 

(b) intersects the curve at two points; 

(c) has no common points with the curve. 

311. For what values of k does the straight line y = kx touch the 
curve (x+y)?+2 = 1/2(y—x). 


312. Write the equation of the second-order curve passing through 
the following points: (0, 0), (1, 0), (1, 1), (—2, 1), (0, 3). 


Sec. 3.14. Second-order Surfaces 
(See [2], Sec. 25) 


The general equation of a second-order surface has the form 
G11 XF+ doox$-+ a5gx3-+ 2a 9x1X2+ 2aygx1xX3+ 2aogx2X3 

+2A1x14+2A0x%2+2A3x3+B=0. (1) 

If the mixed products of the variables are absent from equation 

(1) (i.e. aig = a13 = deg = 0), then the equation of a surface is 


reduced to the canonical form by separating perfect squares with . 
respect to the variables x1, x2, x3 of the form 


41 1(X1 — 1)? + A22(xX2—%2)* + a33(X3— %3)* 


and translating the origin to the point (a1, a2, &3). 
But if the mixed products | are present, then we first reduce the 
symmetric quadratic form > Dy AyiX-X1 to the canonical form. 
The eigenvalues of the Gperatne generated by this quadratic 
form are found as the roots of the characteristic equation 
|ai—A a2 a13 | 
| Qa Age—-A a3 |= 0, 
a31 a32 Asas— A 


de ID TEATS, OPE AE ANDRO AINE (GL GROMIEIEY = 2 








and the coordinates of the eigenvectors x* (k = 1, 2, 3) are found 
from the systems 
(Qi1—An)x1+ 9 iex2 «=+ aisx3 =O, 
QaxX1 +(do2—Ay)x2+ da3xX3 = (0, 
ayX, + A3aX2 +(Gas—Ay)N3 = 0, 
which, as it is shown in [2], Sec. 25, always have solutions (three 
pairwise orthogonal vectors x', x?, x*). 


313. Reduce the indicated equation to the canonical form and 
name the surface defined by this equation: 


(a) x2+ y2+ 224+2x+4y—4 = 0; 
(b) x2+2y?+ 27+2x+4y—1 = 0; 
(c) x2+2y?— 224+2x+4y—1 = 0; 
(d) x?+ 2y?+2x+ 4y—2z+3 = 0; 
(e) x°—4y?— 22+ 8y—2z7—9 = 0; 
(f) x2+2y2?—2x—4y—-1 = 0. 
314. Reduce the given equations of surfaces to the canonical 


form and indicate the appropriate transformations of the coordi- 
nates 

(a) 1152+ 5x84 2x84 16x, x%_+ 4x1%3—20%9%5+ 2X1 + 2X2 + 2X3 
+1=0; : 

(b) 3x8+ 3x34 4x1%_+ 4%1%5—2x9x%3+4x,+1 = 0. 

315. Find the curve along which the plane x = 2 cuts the ellip- 

xe yt 2 1 

Té + 0) +7 Hl. 

316. Write the canonical equation of the hyperboloid of one 
sheet passing through the points (1, 0, 0), (0, 4, 0), (1, 1, 1). 


317. Write the equations of the projections (on the coordinate 
planes) of the section of the elliptic paraboloid y?+ z? = x by the 
plane x+2y—z = 0. 


318. What line is defined by the equations 


soid 


x? y 
et ea ad 
x—2y+2 = 0? 


319. Write the equation of the tangent plane to the hyperboloid 
2 2 2 
of one sheet = —& +3; = 1 at the point (0, 0, c). 
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320. Write the equation of the surface generated by revolving the 
ellipse 
x? y 
{are 


z=0 
about the x-axis. 


z Solution. Let us take an arbitrary 
point P= (x, y, 0) on the given 
M ellipse. During rotation of the ellipse 
about the x-axis the point P describes 
a circle of radius y. Let M = (x, y, Z) 
be an arbitrary point on this circle 
(and, consequently, on the desired 
Y surface). It is obvious that CP = 
=|pl| =CM= Vy+2, x =x 
(see Fig. 18). Since the point P lies 
on the ellipse, we have 





x2 op? 2° 
Fig. 18. g@tpeal 
Replacing y and x by their values, we obtain 
x? y? + zZ = 
Pues alia 
This is just the sought-for equation of the generated surface. 


Remark 1. Since the curve f(x, y) = 0 is revolved about the 


x-axis, the y-coordinate is replaced by +/y?+z in the equation of 
this curve. Asa result, we get the equation of a surface of revolution 
about the x-axis: 








f(x, Wy? +2") = 0. 
It is also obvious that 
f (V2 +2, y) = 0 
is the equation of a surface of revolution about the y-axis. 


321. Write the equation of the surface of revolution generated by 
rotating the curve , 


2 — Ea a 
@ {* % ay latanh 
y=0; y=0 


about the z-axis. 
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322. Find the points of intersection of the folloving surface and 
straight line: 


ci oe se a jaa i San 
(a) 5+ ate =, a 6 A 
rea x41 _oy72_ 213 
(b) + i aaa , ae ers 


323. Write the equation of the cone with vertex at the origin 
whose elements touch the sphere 


(x+2)24+ (y—1)?+ (2-3)? = 


Solution. The given sphere is of 
radius 3, its centre C having the 
coordinates C = (—2, 1, 3). Hence, 
the xy-plane touches the sphere at 
the point P = (—2, 1, 0) (Fig. 19). 
The ray OP is the generatrix of the 
cone. The directrix of the cone lies 
on the sphere and in the plane pass- 
ing through the point P perpendicu- 
lar to the straight line OC. The 
equation of the straight line OC is 





XYZ 
eT ae Fig. 19. 
The equation of the plane passing through the point P perpendicu- 
lar to OC is 
—2(x+2)+(y—1)+3z = 0. 


Therefore, the directrix of the cone can be defined by the system 


(x+2P+(y—1)?+ (2-3) = 9, 
—2x+y+3z—-5 = 0. 


Let now (x, y, z) be an arbitrary point on the directrix and let 
(X, Y, Z) be an arbitrary point of the generatrix (and, consequently, 
a point belonging to the cone). The equation of the generatrix can 
be written as the equation of the straight line passing through the 
points (0, 0, 0) and (x, y, z): 
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Eliminating x, y, z from the system and from the last three equa- 
tions, we obtain the equation of the cone. We then fix z = c and 
express x and y in terms of X, Y, Z: 
_ eX _ ¢cY 
kay VSS: 

Substituting these values into the system and eliminating the para- 
meter c, after elementary transformations we obtain the required 
equation of the cone: 


X?4- 4Y?— 4774 4XYV+12XZ—6YZ = 0. 


324. Write the equation of the cone with vertex S = (5, 0, 0) 
whose elements touch the sphere x?+ y?+ 2? = 9. , 


Chapter 4 


FUNCTIONS OF SEVERAL VARIABLES 
(See [1], Chapter 8) 


Sec. 4.1. Basic Concepts 


325. Find and represent the domains of existence of the following 
functions: 


@)u= VIB; (yua4/1-T +4; 
1 


(c) u= V/y?—4x; (d) u= 


P+y? 
(e) wu = In(x+y); (fy) u= are sin =. 

326. Find and represent the domains of existence of the following 
functions of three variables: 


@)u=4/1-4-4-4; (byw a/i-3-F 44: 


— 
()u=in(-x-y'4+2);  @u=a4/1t+H—4; 
(e) uw = arc sin x-+-arc sin y+arc sin z. 


327. Evaluate the function 
f(x,y) = P42 


at the points (1, 0), (1, 1), (2, 1). 

328. Find f(x, y) if f(x+2y, x—2y) = xy. 

329. The contour (or level) line of the function u = f(x, y) is 
defined as the set of points belonging to the domain of its definition 
at which it attains the prescribed constant value: f(x, y) = c. 
The latter is thus the equation of the contour line. 

Geometrically, it means that we cut the surface defined by this 
function (i.e. its graph) by the plane u = c and projected the line 
thus obtained on the xy-plane. This projection of the section is just 
the contour line. ; 

Find the contour lines of the given functions: 


aps fe Sy 
(a)u=1 ae BR? (b)u=~5. 
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330. Find the distance @ between the points (1, 0, 1) and (2, 1, 0) 
in space R3. 
331. Find the limit of the sequence of points 
Me= (Fa iri) (k= 1,2,...) 
14k? k*+1 kat ee 
332. Let the set FE = {|x| ~< 1, |y| < 1}. Which points of this 
set are interior? 
333. Are the following sets connected ones: 


@E=(xltl<0; &) £={8--F = 1); 
(c) E= {x?+y? # 1}? 





Sec. 4.2. Limit of a Function. Continuity 
(See [1], Secs. 8.3, 8.4) 


A function fhas a limit at a point x° equal to A if it is defined in 
some neighbourhood of the point x° except, possibly, at the point 
x° itself, and if 

lim f(x*) = 4, 


xk —> x0 
xk x0 


whatever the sequence of points x* from the mentioned neighbour- 
hood (different from x°) tending to x°®. 

But there are cases when a function / is defined not in the entire 
neighbourhood, but only in one of its subsets FE. In this case there 
arises the notion of the limit of a function at the point x° with res- 
pect to the set E. 

The number 4 is said to be the limit of the function fat the point 
x° € FE (E is the closure of E, see [1], Sec. 8.11) with respect to the 
set E if 

lim (/(x*)= 4, 


xk > x0 
xk CE, xk x0 


whatever the sequence of points x* € E, converging to x°. This 
definition is equivalent to the following: the number A is called the 
limit of a function f at point x°¢ E with respect to the set E if 
Ye> 0, 36 = d(e, x°) > 0 such that 


If@Q—-Al<e, Vx€E, 0<|x—x°| <8. 
Example 1. The function 


FO) = fOr, x) = VEIN oy os 
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is defined in the entire plane Re except the origin. It is obvious that 
in any neighbourhood of the origin the function / satisfies the in- 
equality 
Reenter any ay 1 eae 
feo] =| Vata sin 3) |< Va 
= |x{= |[x-O|<e« (x #0) 


provided that |x| < 6 = e. Hence, at the point 0 = (0, 0) an or- 
dinary limit exists and is equal to zero: 

lim f(x) = 0. 

x0 


x#0 





Example 2. The function 
- 1 
I (X41, X2) = (X7+ 29) sin ae 


is defined on the set E representing the plane Re without the coordi- 
nate axes. The function f has no ordinary limit at the point 0 = 
= (0, 0), but the limit of fat this point with respect to E exists and 
is equal to zero 
lim = f(x1, x2) = 0. 
x; > 0, x2 +0 
(m1, %2) €E 

Problems. Consider the existence of the limit of the given func- 

tion at the indicated point: 


(a) f(x, y) = sin?+¥) at the point (0, 0); 


x? + y 
1- 24 y2 : 
(b) (x, y) = Ze SFe” at the point (0, 0); 
(c) f(, y, z) = exp (—1/(x?-+ y?+ 2))/(x4+ y+ 24) 
at the point (0, 0, 0). 
334. Find the limit of the given aaa : 


- sin xy , -¥~ 
(a) eae (x #0); (b) lim 5 ay 
yo>2 at 


335. For what c will the function 


Vi-x—4y, +4? <1, 
on x4 4y? > | 


S(% Y= 


be continuous in the entire vy-plane? 
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336. Find out: (a) whether the function 


xy 24 2 
jane) sr TTY ee 
0, x=y=0 
is continuous at the point (0, 0); 


(b) whether it is continuous on the ray in the direction of any 
vector w ~ 0, emanating from the origin. 


337. Prove that the set of points (x, y) satisfying the inequality 
1—x?— y? > c is an open set. 


Sec. 4.3. Partial Derivatives. Differentials 
(See [1], Secs. 8.5 and 8.6) 


In Problems 338 to 341 find the partial derivatives of the given 
functions and their total differentials. 


338. u = x8+y2—2xy. 339.u = xy'. 
340. u = In(x++/x?+y?). 
341. (a) u=arctan(y/x); (b)u= x+y ‘ 
(c) u= x”; (d) u=sinh (x+y); (e) u= cosh (x2y+ sinh y). 
342. Compute the determinant 


oS ee 

or Op 
A= 

Oy. Ox: 

or = =Op 


if:(a)x=rcosy,y=rsing; (b)x=Pr+9,y=rt+_q. 

343. Find the partial derivatives of the indicated composite 
functions with respect to the variables ¢ and t: 

(a)u=~+/x+y, where x=ett7, y=Int; 

(b) u= xy, where x=cos(t+t), y= sin (t—7). 


344, Find and construct the gradient of the given functions at the 
point P = (1, 1): 

(a)u= xy; (b) u = 2x°—3y?. 

345. Find at the point P = (1, 1) the derivatives of the functions 
u in the direction of the vector n = (4/3/2, 1/2): 


(aju=Invyx4+y?; (b) w= 2x°—3y*, 
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346. Find the derivative of the function u = 2x?— 3y? at the point 
P = (1, 1) in the direction of the gradient. 

347. Find the angles made by the gradient of the given function 
at the point P = (1, 1) with the coordinate axes: 


(a)u=xV3ty; (b)u= x+yV3, 


Sec. 4.4. Partial Derivatives and Differentials 
of Higher Orders 
(See [1], Secs. 8.5 and 8.9) 


348. Find the partial derivatives and second-order differentials of 
the following functions: 


(a) u=In(P+y);  (b) w= V/2xyt+y*. 

349. Show that the indicated functions 

(a) u = arctan (y/x);_ (b) u =—In \/(x—a)*+(y—b)? satisfy 
Laplace’s equation 

2. 2 
350. Show that the function 
u = 9(x—at)+y(x+atr), 

where 9, Vieve Cee vanes up to the second order, satisfies the 

U 2 u 


equation ai? Oxi 
351. Find the derivatives and differentials of the second order of 
the composite functions (x, y are independent variables): 


(a)u=f(é,n), § = ax, n = by; 
(b)u=f(é,n), §=x+y, n= x-y. 


It is supposed that f(&, 7) has derivatives up to the second order 
(inclusive).with respect to all variables. 


Sec. 4.5. Tangent Plane and a Normal to a Surface 
(See [1], Sec. 8.7) 


352. Write the equation of the tangent plane and the equation of 
the normal to the given surface at the indicated point: 


(a) to the paraboloid of revolution u = x?+y? at the point (1, 
2, 595 


(b) to the surface u = x. y* at the point (2, —1, 1). 
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Sec. 4.6. Taylor’s Formula 
(See [1], Sec. 8.10) 


353. Find the increment in the function: 


(a) u = x?—y?+ xy when passing from the values x = 1, y = 2 
to the values x1 = 1+h, y; = 2+k; 


(b) uw = x*y when passing from the values x = 1, y = 1 to the 
values x1 = 1+h, yx = 14+k. 


354. Using Taylor’s formula, expand the function f(x, y) = 
= e* sin y in the neighbourhood of the point (0, 0) up to the terms 
of the third order inclusive. 

355. Using Taylor’s formula, expand the function f(x, y) = 
= exp (x+y) up to the terms of the third order (inclusive) in the 
neighbourhood of the point (1, — 1). 

356. Find the value of the parameter 6 in Lagrange’s formula for 
functions of two variables (see [1], Sec. 8.10): 

0) — A 
F—100) = (SJ) peg ay C1-¥ 
(sx, 


Ox a) aie: —x0) 


(x.—x2) (0<96~< 1); 


(a) f(x) = x7+ 23 with respect to the points x°® = (0, 0), x = 
(b) f(x) = x?+.8 with respect to the same points. 


Sec. 4.7. Extrema ° 
(See [1], Sec. 8.13) 
In Problems 357 to 361 investigate the given functions for extre- 
mum. ’ 


357. z = (x—2)?+2y?. 358. z = (x—-2)?—2y?. 
359. z= x'+4xy—2y?. 

360. z = x'+y!— 2x24 4xy—2y?. 

361. u= + y?+ 2—xy+x—-2z. 


362. Find out whether the given function has the greatest value 
within the indicated intervals. Find it if any: 


| 1, O=x=x=<=1, Osy<l, 
(a) z= 


2(2—y), Osx<1, I1<y<2; 


(b) 2= Pal <1, i=) 
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Sec. 4.8. Implicit Functions. Conditional Extremum 
(See [1], Secs. 8.15-8.17) 


363. Find the derivatives y,, y3: of the implicit function y(x) 
given by the equation 


364. Find © and ©, if 
x Oy 
x cos y+ycos z+zcosx = 1. 


365. F(x, y, Z) = 0. Prove that 


Oe et, See Sg 
Oy Ox Oz Ox Oy : 


366. Functions u, v of the variables x, y are represented implicitly 
by the system of equations 


| x—gp(u, v) = 0, 

y—vlu, v) = 0. 
Ou = dv dv 

Ox’? dy’ = > ay" 

367. Find oes ; 


F ind 2 


a if x =ucosv, y=usinv, Z= cv. 
368. Write the equation of the tangent plane to the indicated 
surface: 


(a) x2+2y?+3z? = 21 at the point (4/3, 0, 6); 
(b) to the ellipsoid Se = 1 at its point (Xo, yo, Zo). 


369. To the surface x?+2y?+3z? = 21 draw the tangent planes 
parallel to the plane x+4y+6z = 0. 

370. Write the equations of the tangent plane and the normal to 
the surface 3xyz—z* = a at its point (0, a, —a). 

371. Find the rectangle of the greatest area having the given 
perimeter /. 

372. Find the axes of the ellipse 5x?+ 8xy+5y? = 9. 

373. Of all the triangles of the given perimeter 2/ find the one 
having the greatest area. 


Chapter 5 


SERIES 
(See [1], Chapter 9) 


Sec. 5.1. Number Series 
(See [1], Sec. 9.1) 


374. Using the definition, consider the convergence of the given 
series and find their sums: 
1 1 1 a a 
(a) patagtyaqt one tae + ary 


| 1 ; 
O astyet - tarpaset e 


Ge [ ‘ Fe 
vot 


XJ 


ae 1 
(c) >» n(n+1) (n+2)° 


375. Prove that the harmonic series }* is divergent, applying 
n=1 
the integral test and Cauchy’s criterion. 
376. Using the integral test for convergence of a series, find out 


for what « > 0 the series }° n~* is convergent. Prove that 
n=1 


N 
Sh = La = O(In(N+1)), N=2; (1) 
N 
Si = Le =O[(N+1%], O<a<1, N=1; (2) 
RK = De — O(N!-*), a> 1, N=1. (3) 


Solution. Since the function f(x) = x~* (a = 0) is monotonically 
decreasing to zero on (0, o) as x + ©, the series )' k-* and the 


improper integral i} x-*dx are simultaneously convergent or 
“4 


divergent. 

As is known, this improper integral converges for « > 0 and 
diverges for 0 < « < 1, hence, the series }' k-* also converges for 
a > 1 and diverges for 0 < « <1. 

Let us now estimate the growth of S% (0 < « = 1). Leta = 1; 
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then 
N+1 d N k+1 d N 1 
In(N+)= | “= W=Y—=SL (N=1); 
( J » J * » k 
N+1 N k4+1 N 
dx dx 1 
In (N+ 1) = —= pease aeck, 
( ) : » J # » +1 
N41 
1 1 
= ¥ —=Sh-1+ 
im Ai N+1 
Hence, 


In(N+1) < Si < 14+In(N+1) <2In(N+1), N=2. 


The inequality |.S},| =< 2 In (N+ 1) just proves property (1). 
Using the equality (0 < « < 1) 
kil 
(= 
xe ’ 
k 


N41 i 
(N+ * 1 = f dx = y 
1-« l-a x Fat 
we get (2) in a similar manner. Note that the constants entering into 
the symbol O(N1~-*) depend on a. 
Let us now estimate the remainder R% (a > 1): 


1 2 = dee ; 
eapwet = [=] es Deo Be 
N mk 





1 


co 


1 — 1 1 
——_____—_ => aes — = RY-—— 
(x—1)N=-1 Pa (K+19* Ae ke NU N®? 


1 a 


Kae ss 1 << l-a 
Ri < G@opwet tye Sao (N= 0, 





i.e. property (3) takes place. 
Note that in fact we have proved more than this: 


pe ee 
(@—1)Ne-1 ~ 


2 1 
Ri = S-7* Weri: 

In Problems 377 to 380 investigate the given series applying 
comparison tests and a necessary test: 


2 3 n+1 
371. F+et oe ty 





Biggs 


1 


oi: i en 
Pp» Vn +2n 
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ton ee ee = — —+ 


379. (a) y afi (b) ) Dat 








380. (a) Yin(I+ p)s () In ; +35)3 


(c) > (1-exp (- x). 


In Problems 381 to 384 investigate the indicated series for con- 
vergence with the aid of D’Alembert’s test or Cauchy’s test. 


1 4 
BB ee a 
ae eo > 


383. py (sci) 384. > (ata) 


In Problems 385 to 387 investigate the given series with the aid of 
the integral test. 


) 


i, a eee 


o, alna-inina” 


87. 


n=l 


WP |- 2 
388. Investigate for convergence the series with the general term: 
Va 1/n 
xdx sin? x dx 
(a) Un = } Vid, (b) Uy, = | ae Gk 
0 


x41? 
0 


In Problems 389 and 390 investigate the given series for absolute 
and conditional convergence. 








11 (-1y""? — ¢ 
389. IL-5 4+-e— 0. tats 390. eas 


391. Show that the series 3 a,b; is absolutely convergent if 
k=1 


the series )° aj, )) bj are convergent. 
Kat Kd 
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Sec. 5.2. Functional Series 
(See [1], Secs. 9.8 and 9.9) 


392. Find the domain of convergence of the indicated series: 


OLE OLGA gs 





— sin kx haa 
© ys; @ LD x2 
k=1 n=1 
393. a ee the given sequences for uniform convergence: 


(a) f.(x) = O<x~<-~; 


xn’ 
(b) fi) =x, O<x=4; 
(c) fr(x) = x"—-x"42, O=x=]1; 
(d) fr(x) = xn— x", OO = x=]. 


394. Make sure that the given series are uniformly convergent 
throughout the x-axis: 


= ae cos kx — 1 
@) yee > © > Se, ©) 2 aise * 


395. ae termwise differentiation and integration, find the 
sum of the indicated series: 


= x a” . 
(a) X+ 3+ eb ee er Se erexy 
(b) 1+2x+ ... +(m4+I)x"+ ...; 
(c) 1—3x?+5x!— 2... +(—1)"-1 (Qn—1)x?"-24+ 


Sec. 5.3. Power Series 
(See [1], Secs. 9.11 and 9.12) 


396. Determine the radius and the interval of convergence of the 
given series and investigate the convergence at the boundary points 
of the interval of convergence; 


(a) y a (b) y (nx)"; (©) > (n— 1)3"-2 x"-1, 


n=1 


397. Write the first two nonzero terms of the expansion into a 
series in powers of x for the function: 


(a) tan x; (b) tanh x; (c) exp (cos x). 
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398. Express in the form of series the following integrals: 
x x 
: arc tan t dt 
(a) J exp(—F) dt; (b) J —. 


399. Evaluate to within 0.001 the integral 


0.2 
J e* ax 
x3 
0.1 


400. Expand the function e* in powers of (x2). 


Chapter 6 


DIFFERENTIAL EQUATIONS 
(See [3], Chapter 1) 


Sec. 6.1. General Concepts 
(See [3], Secs. 1.1 and 1.2) 


401. Write the differential equation for the indicated family of 
curves: 

(a) Y= 2Cx;  — (b) y= Cixt+Co; (Cc) y = Cer; 

(d) x+y? =C*?; (e)y = Cie?*+Core-*. 

402. Construct the isoclinic lines of the given differential equations 
and draft the integral curves: 


(a)y =x; (b)y=14+y3 (0) y =—x. 


Sec. 6.2. First-order Equations 
(See [3], Sec. 1.3) 


In Problems 403 to 408 solve the indicated equations with varia- 
bles separable: 


403. xy dx+(x+1) dy = 0. 
404. \/y?+1 dx— xy dy = 0. 
d ; 
405. e~*(I +=) = 1, 406. y’— xy? = 2xy. 
407. y’ = 3y3, (2) = 0. +408. y’ cotxt+y=2, y(0)=1. 


409. Find the curves in which the point of intersection of any 
tangent with the axis of abscissas has the abscissa equal to 2/3 the 
abscissa of the point of tangency (Fig. 20). 

410. A tank is filled with 100 litres of 
a solution containing 10 kg of salt. The 
tank is continuously supplied with 
water (5 litres per minute) which is 
mixed up with the solution. The mixture 
flows out at the same rate. How much 
salt will remain in the tank in one hour? 

411. A body cools from 100° to 60° 
during 10 minutes. The ambient temper- 
ature is maintgined at 20°. When will 
the body cool down to 25°? 
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| 
In Problems 412 to 417 solve the equations reducible to the form 
y= x-1f(2) (1) 
(for « = 1 we have a homogeneous equation). 


412. (x+-2y) dx-- x dy = 0. Hint. Use the substitution y = tv. 
413. (9? -2xy)dv4-vedy = 0. 414. y?+ yp’ = xy’, 


415. xtdy=y dv. 416. x4 dy = (+ ; x) dx. 
417. xdy = (x cos? 24+ 2y) dx. 


418. Find the curve the tangent to which is found at a distance 
equal to the modulus of the abscissa of the point of tangency. 
An equation of the form 
y't+a(x)y+b(x)y? = e(x) 
is called the Riccati equation. In the general case it is not solved in 


quadratures. Some of Riccati equations are equations of type (1). 
In Problems 419 and 420 solve the given Riecati equations: 


419. x?y’4+ xy+ xy? = 4. 
i 2.2 Feo, - a—1—ap; 
420. (a) 3y =-y—<55  (b) v= Y ayix : 


In Problems 421 to 426 solve the indicated linear equations: 
421. y’'+2y = 4x. 422. xy’—2y = 2x!. 

423. x(y’—y) = e*. 424. xy’t+y=e, yD=1. 

425. y = x(y’—xcos x). 426. (sin? y+ x cot y)y’ = 1. 

In Problems 427 to 430 solve the given Bernoulli equations: 


427. y = ycosx+ytanx. 428. y= 24. 


429. xy’ 2x2 V/y = dy. 430, BX = ay? 





Sec. 6.3. Metric Spaces. Contraction Operators. 
Solution Existence Theorem 
(See [3], Secs. 1.4-1.7) 


431. Will the n-dimensional space R, be a metric space if the 
distance between the points x = (x1, ..., X,) andy = (yi, ..., Yn) 
is determined by the equality: 


(a) o(x, y) = | ma {Lxi—yil}s 
i=1,...,0 
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Guage ee 
(CX, = 
pes, 0, x=y? 
432. Find out whether the set of all continuous functions defined 
on [a, b] is a metric space if 


b 1/2 
1.8) = (| [f(x -2P a) 


a 
433. Let 


f(x) n*, O<x<I/n, «>0, 
AX) = 
‘ 0, I/n<xsl. 
For what « does the sequence /,,(x) converge to zero in the sense of 
the metric from Problem 432? 

434. Will the metric space M = [2, 3) with the metric (x, y) = 
= |x—y| be a complete metric space? 

435. Will the function F(x) = x? be a contraction operator: 

(a) in the complete metric space M = [— 1/3, 1/3]; 

(b) in the complete metric space M = [—1, 1]? 

In both cases the metric is e(x, y) = |x—y|. 


436. Construct an iterated sequence for the operator F(x) = x? 
if Xo = 1 / 2: 

437. (a) Find the fixed points of the operator F(x) = 1/(1+ x) on 
(1/2, 1]. Will the operator F(x) be contracting on [1/2, 1]? 

(b) Let the operator F(x) (x = (x1, X2)) operate in the two- 
dimensional metric space Re according to the law 


F(x) = (x1, —X2) 


(mirror image about the axis x2 = 0). What points are fixed for 
this operator? 

(c) Let F(x) = (x,, x3), x € Ro. What points of the plane R, are 
the fixed points of the operator F? 


438. On the basis of the theorem on existence of a solution of a 
differential equation, investigate in what interval [xo—6, xo+ 6] 
the existence of a solution of the equation y’ = f(x, y) is guaran- 
teed if 


(a) xx = 1, yo= pA) =2, f(x, y) = 2xy* on the set 


hee eee 
|y-2| <1 = bs’ 
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(b) 11 = 0, vo= (0) = 1, f(x, ») = 2x)" on the set 


>= | oo 
| 


y-l|=1=) 
439. For the equation y’ = - xy, y(0) = 1, evaluate approx- 


imately y(J) applying Euler’s method. ‘Take h = 0.1 for the com- 
putation step. 

440. For the equation y’ = x+y evaluate approximately y(2) 
if y(1) = 1. Take h = 0.1 for the computation step. 


Sec. 6.4. Equations Not Resolved with Respect to Derivative. 
Singular Solutions 
(See [3], Secs. 1.8-1.10) 


441, Find all the solutions of the given equations; single out 
singular solutions if any; give a pictorial representation for each 
case: 


(a) y?—-y* = 0; (b) y?—4y? = 0; 
OvO7+N)=1; @y? = 4y'—y); 

(e) xy?—2yy’+x=0; (Ff) v(xy’—y)? = y—2xy’. 

442. Solve the given equations by introducing a parameter: 


(a) x=y®+y's (b) y= y24+2y9; ()x=y' VIty?. 
443. An equation of the form 
y= xo(y')+ yy), 
where y, y are some functions, is called Lagrange’s differential 
equation. In particular, if p(y’) = y’, then it is called Clairaut’s 
differential equation. These equations are also solved by introducing 
a parameter: : 
y=p, dy=pdx, y= xo(p)+y(p); 
dy = 9(p) dx + xp'(p) dp+y'(p) dp, 
or, taking into account that dy = p dx, we get 
[p—9(p)] dx = [xo’(p)+y'(p)] ap. 
The latter equation is linear with respect to x. We know how to 


solve it (if p 4 y(p)): x = Cf(p)+a(p), where f, g are known 
functions. The system 


| x = C{(p)+a(p), 


y = xp(p)+ v(P) 
yields a parametric representation of the solution. 
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And if p = 7(p) (in this case we have a Clairaut’s equation), then 
Lxp’(p)+v'(p)l dp = 0, 
whence: 

(1) dp =0, p=C and y= x9(C)+y(C) = xC+y(C) is the 
general solution of « Lagrange’s (Clairaut’s) equation. This is a 
family of straight lines. Formally, the general solution is obtained 
by replacing y’ by an arbitrary constant C; 

(2) xp’(p)+y"(p) = 0. Then from the system 


| y = xp(p)+y(p); 
0 = xv'(p)+y'(p) 
by eliminating the parameter p, we obtain y = (x). If this func- 
tion is a solution of Lagrange’s equation and the uniqueness of 
solution is violated, then it is a singular solution of Lagrange’s 
(Clairaut’s) equation. 

444. Solve the Clairaut’s equation 

1 
y= xy zy”. 
445. Solve the equation 


yar’ tvVity®. 


Sec. 6.5. Reducing the Order of a Differential Equation 
(See [3], Sec. 1.14) 


446. Solve the given equations: (a) y’” = cos x; (b) y’’ =x. 
In Problems 447 to 457 solve the given equations. 


447, x2y"" = y”. 448, y’”” = 2(y’”"—1) cot x. 
449, y= y”, 450. y” = 2yy’. 

451. xy” = 2yy’—y’. 452. yy’+y? = 1. 

453. 2yy” = y?+y?, 454. yy” = (y’)’. 

455, yy’ = y®+y2y’, 456. xyy”—xy2—yy’ = 0. 
457. x’yy” = (y— xy’. 


Sec. 6.6. Linear Equations with Constant Coefficients 
(See [3], Sec. 1.16) 


In Problems 458 to 462 solve the following equations: 
458. y’”—2y’—3y = 0. 459. y’”— Sy” + 6y’ = 0. 
460. yYO-—y = 0. 461. y’”’ —5S5y’’— 8y’—4y = 0. 
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462. (a) yO F2y’+y = 0; (b) v’+3y’—4y = 0. 
463. Prove that the Wronskian 


yt)... Wal) 


w(t) = Wiyr, sees Yn) = ni rai VD) 


yr D1) ee pet WA) 
of the system of solutions yi(/), ...,; ¥a(f) of the equation 
YOOD)+ PD Ye-PO+ -.. +P) WD = 0, 


with continuous on (a, b) coefficients p,(t), ..., Dn(t) satisfies the 
equation 
dwi(t) 
io =— pi) W (0). 
The given equation is an equation with variables separable, 
therefore, integrating it within the limits from xo to x, we obtain 





In 





wo| =~ { (oar, 
t=Xx9 = 


W(x) = W(xo) exp (- | pilt) i) 


The last formula is known as the Ostrogradski-Liouville formula. 
It implies, among other things, that if W(xo) ~ 0, then the Wrons- 
kian is not equal to zero at all points belonging to (a, b). In this 
zase, as we know, the solutions y;(4), ... y,,(f) are linearly indepen- 
dent on (a, b). 


Hint. See Problem 86, (b). Take advantage of the fact that 
YO) =—pil VO-VO— ... —PaOv) (kK =1,..., 7). 
464. Solve the following nonhomogeneous equations 
yy’ —S5y’+ 8y’—4y = f(x), where 
(a) f(x) = 2%; (b) f(x) = 4e*; (©) f(x) = 3e*. 
465. Find the particular solution of the following equations 
y+ 2yp"’+y = f(x), where 
(a) f(x) = e; (b) f(x) = sinx; 
(c) f(x) = sinx+cos x; (d) f(X) = sin 2x. 
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466. Solve the equation y’’+2y’ -3y = sin x. 
467. Write the form of the particular solution of the indicated 
nonhomogeneous equations: 


yr 5y"+ by’ = f(x), 
where 
(a) f(x) = e*5 (b) f(x) = ve®; (c) f(x) = sin.x; 
(d) f(x) = wte®s  ()f(X)= W+N+13 (F(X) = Ne* sin x. 


Sec. 6.7. Euler’s Equation. 
Equations with Variable Coefficients 
(See [3], Secs. 1.15 and 1.16) \ 


468. Find out which of the given systems of functions are line- 
arly independent on [0, 1]: 

(a) 1, sin?x, cos2x; (b)4—x, 2x+3, 6x+8; 

(c)x+2, (x+2); (d) x, x*, x4. 

469. Solve Euler’s equations: 

(a) x2y"+ 4xy’+6y = 0; (b) x2y”—3xy’+3y = 0; 

(c) x2y’’—3xy’+4y = 0; (d) xy’’—2y’ = 0. 

470. Solve the given equation (a particular case of Bessel’s 
differential equation for v = 1/4, see [3], Sec. 1.24) 

xy’ + xy’ + (x x) y=0. 


Solution. Let us introduce the substitution y = «(x)z and choose 
the function «(x) so as to eliminate the term containing the first 
derivative z’. We have 


y’ = a’ z+az’, y” = 02+ 20'2’ +02’; 
xPaz’’ + 2 [Da’ x’ ee seat a = 0; 
, ” 3 


2a’ *=0, sal. =~ ; 
a a ie & ee m Ape 


2 
x 
xa’ + xa’ + xa = 


ie . 





We finally obtain 


By 2 2 =D 
A22"4%.2=0, 2’+2=0. 
Vx Vx 
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The last equation is with constant coefficients, its general solution 
being 

z= Ci cos x+C¢ sin x. 
The general solution of the original equation is 


a wo (C; cos x+ C2 sin v). 
Vv 


rev 
471. Solve the equation , 
y’—2xy’+xy = 0. 
Hint. See Problem 470: a(x) = exp (x?/2). 
472. Solve the equation x2y’ + xy’—y = f(x), where 
(a) f(x) = 85 (b) f@) = x. 
Sec. 6.8. The Method of Variation of Constants 
(See [3], Sec. 1.17) 
473. Solve the following equations: 


wrtraan =n VG)=o 


sin x’ 





(b) y’+4y = 2tanx; ()y”’+y = a3 


(d) y’+2y’+y = = en%, 


Sec. 6.9. Systems of Differential Equations 
(See [3], Secs. 1.19-1.22) 


474. Solve the given system by reducing it to one differential 
equation: 


dy ~ dy _ 
( Get yt 4z = 4x, () ade = Z, 
2) dz dijon aay dz 
“dx Y-Z= xX, “dx = ys 
dx 
a2 = 0, a 
——z= 1 
dy dx 
(c) —x+7-—-z = 0, (d) a 
——+y =X 
dz dx 
—x-—y+— = 0; 
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475. Solve the following homogeneous systems without passing 
to one differential equation: 


(a) | Yi = 2yityVe, ( | x= x-y, 


yo = 3y1t- 472; p= y-4x; 

& = yt5z, x() = y, 

Oy, (d) | 9 = 200, 
z . ° 

Fe I 32S 2(t) = x(2). 


476. Solve the following sal: systems: 


X= x—yt+l, = x-—ytel, 
(aj). _ (bd) _ 
yp=y-4xtt; yp = x-4yte*, 


Sec. 6.10. Solving Equations with the Aid of Power Series 
(See [3], Sec. 1.24) 


477. y"+y'—xyr=0, y(0)=2, y(O)=1. 
478. y’+xy = 0, yO)=1, yO=0. 
Solution. We shall seek for the solution of y(x) in the form of 


the power series 
y(X) = aot ayx+aox+ ... 


Finding’ y’, y’’, xy and substituting them into the equation, we 
obtain a number of relations connecting the coefficients a; (ao = 1, 
a, = 0) wherefrom we just find the the values of these coefficients. 

But we may also reason in the following way. Since the power 
series is at the same time the Taylor series of the function y(x), 
me may write 


V(x) = yO)+¥'(Ox+24O x 


v4 "O) e+, 


‘The values y(0) = 1, y’(0) = Oare known by iypathest The values 
of other derivatives obtained from the solution of y(x) at the point 
x = Ocan be found with the aid of the differential equation. From 
the equation we have y’(0) = —0-y(0) = 0. Differentiating the 
equation, we obtain 

y’+y+xy’ = 0, 


whence 
yO) =-¥(0) == 1. 
Analogously, 
yH+2y’ +xy” =0, y(0) =—2y’(0) = 0, 


yO43y” +2” = 0, y®(0) = —3y"(0) = 0, 
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yO Ay’ + xy = 0, y(0) = —4y'"(0) = 4, 


YO+ (n—DyC-H+ xye-B = 0, YO) = —(n—2) yO), 


Substituting the value YO) we get 


yx) = 1-5 gate 1-4-7 


ta ey xt... 





The obtained series converges throughout the axis uniformly and 
absolutely. 


479. y’+yex=0, yp(0)=2, y(0)= 1. 
480. y’ = y+ xe’, y(0) = 0. Find the first three terms of the series. 


‘ 


Sec. 6.11. Stability in the Sense of Lyapunov 
(See [3], Secs. 1.25 and 1.26) 


481. Investigate the trivial solution of the indicated system for 


stability with the aid of Lyapunov function: , 
—x—y, X= 2¥8—x, 
@ {oo ae {so : 
re Ns PS er Pry; 


= x3_y, 
(c) ie es dae 
youNxty’. 
Remark. If there exists a Function v(x, y)such that in a sufficiently 


small neighbourhood of the origin there is a region where v > 0 
and v= 0 ona part of the boundary of the region (v > 0) and 
w = G+e oy 0 in the region v > 0, then the stationary 
Oia is unstable (Cetaev’s Instability theorem). 

482. Investigate the trivial solution for stability in the following 
ae woth a symmetric matrix: 


—2x+y, Xx = x—2y, X= x4+-3y, 
(a) (b) 

= x-y; —2x+4y; 
483. anes the given pas for stability: 


oF ee . ae ci : 
PSa0r= p= 2x-y; 


Chapter 7 


MULTIPLE INTEGRALS 
(See [3], Chapter 2) 


Sec. 7.1. Integrals Depending on a Parameter 
(See [3], Sec. 2.4) . 


484. Find the domain of definition of the function 
22 
= [ sinxy 
Fx) = f ay 


(i.e. the set of values of x where the integral exists). 
Investigate the given function for continuity and differentiabi- 
lity. 
485. Proceeding from the equality 
b 
dx 1 b 
| <po-y = — arc tan--, 
x" +a~ a a 


evaluate the integral 


486. Compute the derivative F’(x) if 


(a) Fa) = [ e-dys (6) Fay = [27 dy > 9); 
x 0 


(©) F(x) = | f+, y—) dy, 
0 


where f(u, v) is continuous together with its partial derivative //. 
487. Find the integral of the function F(x) on [0, 1] if 


1 1 
(a) F(X) = [ (v=2x) dy; (b) F(X) = | (+9) ay. 


\ 
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Sec. 7.2. Multiple Integrals 
(See [3], Secs. 2.1-2.5) 


In Problems 488 to 490 compute the given double integrals. 
488. (fea where D= 3<x<4, 1<y <2}. 
5 : 


(e+y)?’ 
tA <= x <5 
489. ff (x+2y) dx dy, where D= os \ 
as —3<y <3 
490 J | r= sin? » dr di where D cg Mamie cag 
. ie r > = ‘ 
£ rele & —n/2 <p <a/2 


In Problems 491 to 495 draw the range of integration and change 
the order of integration of the given double integrals. 


2 2-y 
491. [= | dy | F(x, y) dx. 
—6  (y2—4)/4 
3 2x 
492. [= J dx i f(x y) dy. 
0 x/3 
2 x 1 x2 
493, [= J dx i} f(x, y)dy. 494, 1 = | dx | f(x, y) dy. 
1 x, 0 x4 


eye VEE 
495. [= | dy J T(x, y) dx. 
0 y?/2c2 


In Problems 496 and 497 change the order of integration and 
evaluate the double integral. 


x 2-x 


1 2 
496. [= J dx | (x+y) dyt+ f dx J (x+y*) dy. 
0 1 0 


0 


497, l= f dx j xy" dy. 


oO x 


In Problems 498 to 500 evaluate the given triple integrals. 
b c x y 


498. fax[ apf eyraee 499. fae dy { xyz dz, 
0 oO 0 0 o 0 
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4 
500. { dz {{ xyz dx dy, D= (P+y=<=4, x>0, y>O}.. 
a) 


501. Set the limits of integration in the triple integral 
fff #5», 2) dx dy dz, 
Vv 


where 

(a) V is a common part of the paraboloid 2az > x?+ y? and the 
sphere x?+ y?+z? =< 3a? (a> 0). 

(b) V is acommon part of the spheres x24 y2+ z? < R, x2+ y?+ 
+2? =2Rz. 


Sec. 7.3. Change of Variables in a Multiple Integral 
(See [3], Secs. 2.6-2.10) 


502. Passing to polar coordinates, evaluate the double integral 
If V/a@—x?—y? dx dy, 
Ss 


where S = {x?+y? <a’, y > O}. 
503. Compute the triple integral 


1= [JJ (S+¥+8) dear 
Vv 


! . wy x? yh Zt 
where V is an ellipsoid ateta=!l. 


504. Compute the double integral 
a -Vataxi 


| ax J VJ x+y? dy. 
0 0 
505. Compute the double integral 


[[A/1-22-3 ax ay, 
Ss 


2 2 
where S is an ellipse [t+ <1, 
506. Passing to spherical coordinates, evaluate 


fff /x+y?+ 2? dx dy dz, 
Vv 


where V is a sphere of radius R with centre at the origin. 
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507. Passing to cylindrical coordinates, evaluate the integral 
2 V 2x— x2 a 
I= | dx | dy | 2/x?+y? dz. 
0 0 0 


508. Compute the double integral 
| [ G2+y2) VR == dx dy, 
Ss 


where S is a circle of radius R with centre at the origin. 


Sec. 7.4. Application of Multiple Integrals 
(See [3], Secs. 2.11 and 2.12) 


509. Compute the area of the figure bounded by the parabolas 
y? = 10x+25 and y? = —6x+9 and make the relevant drawing. 


‘510. Draw the body whose volume is expressed by the double 


integral 
1 
| dx 
0 


and compute its volume V. 

511. Find the volume V of the solid bounded by the cylinder 
x24 22 = q? and the planes y = 0, z = 0, y = x. Make the relevant 
drawing. 

512. Compute the volume V of the part of the cylinder x°+ y? = 
= 2ax enclosed between the paraboloid x?+ y? = 2az and the 
plane z = 0. Make the relevant drawing. 

513. Find the area of the portion of the plane 


1-x 


{ (1 ~x—y) dy, 


Msn Pie jo Few € 
ae cues = 1, 


located in the first octant (x > 0, y > 0, z > 0). 


514. Find th surface area of the part of the sphere 17+ y?+ 2? = 
= @ cut away by the elliptical cylinder 


~4H4=1 (b<a). 


filled with mass of density g = 1. 
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516. Find the volume: 


(a) of the solid generated by revolving a half of the ellipse D 
(see Problem 515) about the x-axis; 





(b) of the ellipsoid 2+ 2542 <1. 


517. In the hemisphere 
Q= {f+y+2<a, z=0} 
the density of distribution of masses is proportional to the distance 


of a point from the centre of the sphere: (x, y, z) = c1/x*+y?+22. 
Find the centre of gravity of this solid. 


518. Find the centre of gravity of the homogeneous figure shown 
in Fig. 21: 
S={0<y=<4-x*, -2 <x <2}. 
519. Find the volume of the solid generated by rotating the 


curvilinear trapezoid S (see the preceding problem) about the 
x-axis. 


520. Find the moment of inertia of a homogeneous cylinder 
(whose altitude is h and the radius of the base is a) about the axis 
which serves as the diameter of the base of the cylinder. 





Fig. 21. Fig. 22. 


Solution. Let the z-axis be directed along the axis of the cylinder, 
the base of the cylinder be found in the plane z = 0, and let the 
centre of the base coincide with the origin. We shall seek for the 
moment of inertia about the y-axis (i.e. about the planes x = 0, 
z= 0) (Fig. 22): 


12, = [ (242) dx dy de, 
G 


o* 
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where G is the cylinder under consideration. Computing the inte- 
gral, we obtain 


a Vata 
12, = I dx i} dy i (2+2%) dz = 
-a —~Vat—xt 0 


= anf aaa (04 *) dx = (x = asin 1) = 
0 


n/2 


= 4a’h i} cos? i(a? sin? t+ +) dt = 
0 


n/l2 nl2 
aa 2 2 2 
= 4athy a { SS dti+* oe ca al = 1 (3a?-+4h%). 
0 


0 


Sec. 7.5. Improper Integrals 
(See [3], Sec. 2.13) 


521. Compute the following integrals: 
rf dx dy dxdy_, 
@ | | ase >) f f T+x?+y? ’ 
0.0 


(©) f f xy exp (— x?— y) dx dy. 


In Problems 522 and 523 compute the given integrals by differen- 
tiation with respect to a parameter: 


oe 


et Lad 
$23. | 1-€" dx = F(y) (y> 0). 
0 


"dx = F(y) (y>-—1). 








524. Using the equality 
1 


— 1 — 
eats (y>—1), 
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evaluate the integral 


1 

xe — x8 

ax (6>-1, a>—l). 
0 4 


525. Investigate for convergence the improper integral 


J i In \/x2+y? dv dy, 
s 


where S$ is a circle x2+y? <1. 
526. Investigate the indicated integrals for uniform conver- 
gence: 


co 


(a) Fy) = | PP dx (-o<y<); 
0 


oo 


(b) FQ) = [| Vrexp(-yx dv (O<y =). 


0 


Chapter 8 


VECTOR ANALYSIS 
(See [3], Chapter 3) 


Sec. 8.1. Line Integrals of the First Kind 
(See [3], Sec. 3.2) 


In Problems 527 to 532 evaluate the given line integrals: 
527. fs , where I" is a segment of the straight line connect- 
r 
ing the points A = (0, —2) and B = (4, 0). 
528. J xy ds, where I’ is the contour of the triangle with vertices 


A= a 0), B= (1, 0), C = (0, 1). 


Solution. The equation of the straight 
line AB: y= 0; of the straight line 
On BC: x+y=1; of the straight line 
AC: y—x = 1 (Fig. 23). 
B 
-] 0 1 <x J xy ds = 03 
Fig. 23. An 


J? ds = Jods = [xt1-») V3 ds = /2/6; 


CB 


ane ee ft vidr=— vil 


Jvar= |. + Jo +[- ops 


529. | xy ds, where I" is the contour of the rectangle with ver- 
cr 
tices A = (0,0), B = (4, 0), C = (4,2), D = (0, 2). 
530. fo» ds, where I’ is the part of an ellipse found in the first 


= 2 2 
quadrant: “5 +3; = 1, x=0,y=0. 
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§31. i} yds, where I is the part of the parabola y = 2 +/x, 
r 
situated in the upper half-plane 0 = x <1. 


532. J (x— y) ds, where J” is the circle: x2+ y? = 2ax. 
- 


533. Find the mass m of the portion of the ellipse x = acos /, 
y = bsin t situated in the first quadrant if the density at each of 
its points is equal to the ordinate of this point. 


534. Find the area S of the lateral surface of the parabolic 
ae y= 4 bounded by the planes z= 0, x= 0, z= x, 

= 6. 

S eiie Geometrically, the line integral 


| 165») ds, 
} 


where f(x, y) = 0, can be in- 
terpreted as the area of a 
cylindrical surface with gener- 
atrix parallel to the z-axis 
whose base is the contour of 
integration J‘ and whose alti- 
tudes are equal to the values 
of the function f(x, y). There- 
fore the desired area (see 
Fig. 24) 





S= J x ds, 
r 
where I is part of the parabola y = es x? (0 <x <4). Computing, 


we ee 
4 


js a/1+(2x) )' dx =}, | Vi6+9x2 d(16+ 9x4) 
0 


S 


16 (10 4/10—1). 


_535- Compute the area of the lateral surface of a circular 
cylinder found under the first turn of the helical line x = acos t, 
y= asint, z= bt (0 <t <2z) and above the plane z = 0. 


Erste 2 soil 
- (16+ 9x2) 
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536. Find the coordinates of the centre of gravity of a homoge- 
neous half-arch of the cycloid x = a(t—sin ft), y = a(l — cos) 
(0 <t =z). 

537. Find the moment of intertia about the z-axis (that is, with 
respect to the planes x = 0, y = 0) of the first turn I’ of the helical 
line x = acost, y= asint,z = bt (0<t <2zn). 


Sec. 8.2. Integral of a Vector Along a Curve 
(See [3], Sec. 3.3) 


538. Evaluate the line integral of the second kind e 
i} (y? dx+ x? dy), 
r 


where I’ is the upper half of the ellipse 
x=acost, y= bsin ttraced clockwise 
(Fig. 25). 


Solution. When a point moves along 
the curve J' in the indicated direction, 
the parameter ¢ changes from x to 0. 





Fig. 25. 


Therefore 


f (9? dx+ x? dy) 
r 


[b? sin? ¢(—a sin t)+ a? cos? t-b cos t] dt 


aes 


= ab if [b sin? t—a cos? t] dt 
0 


= as|—| b(1—cos? f)d cos 1— | a(1—sin? 2)d sin ] = 4 ab?. 
0 0 


539. Compute 
J x dy, 
rT 


where J" is the contour of the triangle formed by the coordinate 
axes and the straight line x+y = 2 traversed in the positive direc- 
tion (i.e. anticlockwise). 
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540. Compute the value of the integral 
(| (y? dx+ x? dy), 
r 


where: (a) I" is the arc of the parabola y = 4— x? found in the upper 
half-plane and traversed clockwise; (b) / is the polygonal line 
connecting the points (— 2, 0), (0, 4), (2, 0); (c) I” is the segment 
[—2, 2] of the x-axis. 

541. Evaluate the integral 


| @&dyty dx), : 
Y, (1,1) 
where (a) J’ is an arc of the parabola 
y = x, (b) I’ is a segment of a straight 
line, (c) I’ is the arc of the parabola y = x? 
connecting the points (0, 0) and (1, 1) in 7 > 


the direction indicated by the arrows (see : 
Fig. 26). Fig. 26. 


Sec. 8.3. Potential. The Curl of a Vector 
(See [3], Sec. 3.4) 


542. Find the gradient of the function 
u = x242y?+ 322+ xy—6z. 

543. At what points in space is the gradient of the field 
u= 8+ y8+ 23—3xyz 


(a) perpendicular to the z-axis? (b) equal to zero? 

544. Find the curl of the vector a = {x, y, z}, i.e. the radius 
vector, of the point (x, y, z). 

545. Find the curl of the vector a = {z+y, x, y}. 

546. Find out whether the vectors (a) a = x*i+ y?j+ 27k, (b)a= 
= yzit+ xzj+xyk, (c) a = zi+xzj+xyk have a potential in the 
entire space R3. 

547. Find the potential function for the vector a = {x?, y?, 22} 
in the space Rs. 


Solution. The curl of the vector a is equal to zero in Rs. Besides, 
the space R3 represents a simply connected domain. Therefore the 
vector a has a potential which is found by the formula 


U(x, y, 2) = | (P dx+-Q dy+R dz), 
; 
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where for the curve J’ we may 
take the polygonal line (Fig. 27) 
connecting the points (0, 0, 0), (x, 
0, 0), (x, y, 0), (x, y, Zz). In this 
case the integral of the second 
kind is independent of the inte- 
gration path. Computing, we find 





(*,Y,Z) 


U(x, y, Z) = _ (x3 + y3+ 23), 


Fig. 27. 


Sec. 8.4. Exact Differential Equations | 
of First Order 
(See [3], Sec. 3.5) 


548. Which of the given equations are exact differential equa- 
tions: 


(a) (2x+3y) dx+(3x—4y) dy = 0, 


(b) 32 =0, (c) (2—y) dx+x dy = 02 


y" 


In Problems 549 to 555 solve the given equations: 
549, (2x+3x°y) dx+ (x°— 3y’) dy = 0. 

550. 2xy dx+(x?—y") dy = 0. 

551. e-” dx—(2y+ xe-”) dy = 0. 


552. ae dx — 24 dy =0. 


553. yz dx+xz dy+xy dz = 0. 
554. (x+z) dy+(y+z) dx+(x+y) dz = 0. 
555. 2xy dx+(x?+ 2") dy+2yz dz = 0. 


Sec. 8.5. Green’s Formula 
(See [3], Sec. 3.7) 


In Problems 556 and 557 transform the given line integrals 
about closed (positive oriented) contours I into double integrals 
over the regions {2 bounded by these contours: 


556. (—x2)p dx+x(1+y%) dy). 
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\ 


557. J ((e*” + 2x cos y) dx+ (e*”— x* sin y) dy). 
r 


558. Evaluate i} ((xy+ x+y) dx+(xy+x—y) dy), where I is 
r 


KElpSe ae 
the ellipse ete 1. 


559. Compute the difference between the integrals 
I= | (x+y)? dx—(x—-y) dy), 
ry 


In= | (x+y) dx—(x—yy? dy), 


r, 


where I’; isan arcof the parabola y = x2, and J’. is the line segment 
joining the points (0, 0), (J, 1). 
560. Evaluate the integral 


| (—x°y dx+ xy® dy), 
Fe 


where I is a positive oriented circle x°2+ y® = R?. 


561. Find the area of the figure Q 
bounded by the astroid (Fig. 28): 
x = acos’ t, y = asin’ t. 

562. Show that the work done 
by the force a = {2xy, x?} in dis- 
placing a point of mass m depends 
only on its initial and final positions 
and is independent of the shape of 
the path. Compute the work A done 
by the force when displacing the 
given point from the position (1, 1) 
to (2, 5). 





Sec. 8.6. Surface Integral of the First Kind 
(See [3], Secs. 2.11 and 3.8) 


563. If a surface is represented parametrically 
x=xXx(u,v), yp=y(u,v), 2 = 2(u, v) 
or’in vector form 
r(u, v) = x(u, v)it+ y(u, v)j+z(u, v)k, 
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where (u, v) € 2 and the functions x, y, z have continuous partial 
derivatives on the closure of 2, then the area S of this surface is 
expressed by the double integral 


S = [[ VEG—P du do = [{ \/[ruP Tro P— Cas oy? du dv, 
Q Q 


where 
B= |= (3a) + (oa) * (Ba) 


om int = Gy «Qa 


Ox Ox . Oy Oy , Oz Oz 
F= (tw te) = 35 So + au Bot Gy Bo" 


Indeed, as we know (see [3], Sec. 2.11), 
S= |r, Xr,| du dv, 
JJ 


but 
ij ik 
oe EON. ee 
mXly =| du du dul, 
Ox dy oz 
Ov Ov dv 
therefore 











DO, z)]?_, FP, x)]?_, [D&, »)]? 
[Fu Xo] = vV/ [pe = + [Bee oy) + LD, 2) 

Expanding the Jacobians under the radical sign, squaring them 
and performing all necessary algebraic transformations, we obtain 
the sought-for formula. 

This formula for computing an area is convenient in a number of 
cases, particularly, when the vectors r, and r, are orthogonal 
(tus Ty) = 0). 


In this case 


S= ff [ry |+|ry| du dv. 
Q 


Find the area of the surface: 
x= ucosv, yp=uUsinv, z= 4, 


Osu <3, O<vuszZ. 
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In the present case 
r, = (cos v, sinv, 0), ry = (—usin v, ucos v, 4); 
(ty, Ty) = 0, [ru |? = 1, [ty |? = 1642. 


Therefore 


S= [[1- 16+ du dv = f ae { Vier au 
Q 0 0 


3 
= 1 J V/16+u? du = | VJ 16+u2+8 In(u+ Vi6+#)) 
0 


= 5 (5+ 16 In?). 
564. Evaluate | (x°+ y) ds, where S is a sphere x7+ y?+2z? = a’. 
Ss 


565. Find the mass of the portion of the sphere x?+ y?+ 22 = a 
found in the first octant (x = 0, y = 0, z = 0) if the density of mass 
distribution over the sphere is equal to +/x?+ y?. 


566. Compute J z dS, where S is part of the surface of the heli- 


: Ss 
coid 


x=ucosv, y=usinv, z=v (0O<u<a,0 50 <2z). 


Sec. 8.7. A Vector Flux Through an Oriented Surface 
(Surface Integral of the Second Kind) 
(See [3], Sec. 3.12) 


The flux of the vector a = (P, Q, R) through an oriented surface 
i (a, dS*) = | (a, n) dS 
s* S 


= i (P cos (n, xX)+Q cos (n, y) + R cos (n, z)) dS 
Ss 


is equal to the surface integral of the first kind of the scalar product 
(a, n), where n is the unit normal defining the orientation of S*. 
If a surface is given by the equation 


r(u, v) = x(u, vit y(u, v)j+z(u, vk  ((u, v) € 2), 
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then 





dS = \fuXPy| du dv, n =+ ry, Xl, ' 
therefore 


| (a, dS*) =+ i} ((a, tyXty) du dv. 
S* Q 


Hence it is seen that to the different sides of the surface S there 
respond the surface integrals of the second kind of the vector a 
differing in sign. 

If the surface S is defined by an implicit equation F(x, y, z) = 0, 
then the direction cosines of the normal are determined by the 
formulas 

oF _ OF _ OF 

cos (n, x) = 5 |D. cos (n, y) = | D cos (n, Z) = = |p, 

where 
D=+\|grad F| =++/F2+ F2+F?. 


The sign before the radical must be made consistent with the 
appropriate side of the surface S. 

Surface integral of the second kind is also designated by the 
symbol 


I (a, dS*) = i} (P dy dz+O dx dz+R dx dy). 
S* S* 


2 


This notation is suitable for the case of explicit representation of a 
surface. If the surface S is simultaneously defined by the equations 


x= fil, 2), (2) € 1; 
y=flx, 2), (%, 2 E Me; 
z= falx,y), (VE Qs, 

then 

| (Pay de+Q dx de-+R dx dy) 

re 


=+ i} J P( f(y, 2), ys 2) dy dzt J i} Q(x, falx, 2), 2) dx dz 
Qy 22 


+] J R(x y, fal, y)) de dy, 


2 
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where sign (plus or minus) is taken depending on orientation of the 
surface (for instance, the first integral is taken with the plus or 
minus sign depending on what angle (acute or obtuse) is formed by 
the normal to S with the x-axis). 


567. Compute fz dx dy, where S* is the exterior side of the 
S* 
: 2 2 2 2 
ellipeord StEts = 1; 
Solution. Method 1. The surface S is given by the explicit equa- 


tion 


2 2 
z=te4/1-5 ee: 


The cosine of the acute angle formed by the outward normal with 
the z-axis for the upper half of the ellipsoid is determined by the 


formula 
cos (n, z) = 1/4/ 1+z2+25 


(and the lower half must be taken with the minus sign). Therefore 
we take the plus sign in the corresponding formula for the upper 
half ST of the ellipsoid: 


[zdxay = [feq/1- 2 axdsy. 
Q 


Analogically, for the lower half S3: 


| z dx dy =—|[-ev/1-4-% dx dy 
St a 
aes See F 
— c[[a/1-e- 3 dx oy. 
2 


| zdx dy = 2c {fj A/ 1-2 -% dx dy, 
Q 


S* 


‘Thus, 


where Q = Rie * ih, Computing the last integral, we obtain 
a’ B b 


. / zdx dy = ; abc, 
S* 
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Method 2. Let us pass to parametric representation of the ellip- 
soid: 


xX = ACOS U COS 2, O<ver 
y =becosusinv, A= os . 

P -> <u=< > 
z= csin u, 2 2 


Here 
r, = {—asin ucosv, —bsin usin v, ccos uy}, 
Ty = {—acos usin v, bcos ucos v, O}. 


In the right-handed system of coordinates the outward normal to 
the ellipsoid is determined by the equality 

r, XP, 

IryXrel ” 

For example, let us take the point x = a, 
y =0,z = 0 on the ellipsoid. This point 
corresponds to the parameters u = v = 0. 
At this point r, = {0, 0, c}, ry = {0, b, 0} 
(Fig. 29). The vector product r, Xr, to- 
gether with the vectors r, and r, must form 
a right-handed triple (that is, be oriented in 
the same way as the coordinate system), 
i.e. the vector r,Xr, is in the direction 











Fig. 29. of the negative x-axis (see Fig. 29). 
Hence, 
fz dx dy = ff (a, ry Xr) dudv 
se A 
a a 
ee D(x, ») se ce 
= Jfz Da, i ede = Il, os ay du dv 
- Ov a 
nl2 


= abc ff sin? ucos u du dv = 2nabc | sin? ucos u du 
4 —n/2 
nl2 


= Anabe { sin? ud sinu = 4 mabe. 
0 
568. Compute 
i (x? dy dz+y? dx dz +2? dx dy), 
S* 


where S* is the outer side of the hemisphere x?+y?+z? = @ 
(z= 0). 
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569. Compute 


J (yz dy dz+ xz dx dz+ xy dx dy), 
s* 


where S* is the outer side of the te- 
trahedron bounded by the planes 
x=0, y=0, z=0, x+y+z=a 
(Fig. 30). 





f x 
Fig. 30. 


Sec. 8.8. Gauss-Ostrogradski Formula 
(See [3], Sec. 3.13) 


570. Find the divergence of the vector a = (x°, y', 2°). 

571. Find the divergence of the vector a = f\ =, where r = 
= [r|,r = xi+yj+zk, fis a differentiable function. 

572. Let u = x?+y?+ 2. Find div (grad wu). 


573. Compute curl a if: (a) a=r, (b) a= f(r) c, where ¢ = cyi+ 
+ cej+csk is a constant vector, r = |r| = |xit+yj+ zk]. 


574. Using the Ostrogradski-Gauss formula 
[Jf siv adc = [ @ mas, 
G s 


where n is the unit vector of the outward normal to the surface S 
which is the boundary of the solid G, transform the following sur- 
face integrals of the second kind: 


(a) J (xy dx dy+yz dy dz+xz dx dz); 
Ss 
(b) J (x2 dy dz+y® dx dz+ 2? dx dy); 


() jesteigentiree a 
Vxtty+e 


Co) 
(d) f (= cos at oe cos B+ 5 cos 7) dS. 
Ss 


In Problems 575 to 577 evaluate the indicated surface integrals 
with the aid of the Ostrogradski-Gauss formula. 
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575. 
| (x dy dz+y dx dz+z dx dy), 
Ss 


where S is the outer side of the pyramid bounded by the planes 
=0,y=0,z=0,x+y+z=1. 


576. J z? dx dy, where S is the outer side of the ellipsoid 


= 2 2 2 
Bio PE aE ty 
ea’ BP ' ce 


577. teas dx dy, where S is the outer side of the ellipsoid from 


S 
Problem 576. 


Sec. 8.9. Stokes’ Formula 
(See [3], Sec. 3.15) 


Stokes’ formula, establishing relation between the circulation of 
the vector a = (P, Q, R) around a contour I’ and the flux of the 
vector curl a through an oriented surface S* (with the rim J’), can 
be written in the following expanded form: 


f@ de) = fe dx+Q dy+R dz) 
F r 


cosa cosB cosy 


F) 8 F) _ 
= J xe @ oe |S= i} (n, curl a) dS, 
Ss Ss 

P QR 


where cos a, cos 8, cos y are the direction cosines of the normal n 
to the surface S. The contour J’ is oriented in accordance with the 
orientation of S* (Fig. 31). 


Zz 





S n 





big. 31. Fig. 32. 
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578. Applying Stokes’ formula, compute the line integral (circu- 
lation) 


| (y dx+2zdy+x dz), 
r 


where I’ is a circle x?+y?+z? = b?, x+y+z= 0 traced anti- 
clockwise when viewed from the side of the positive x-axis. 


Solution. This tracing of the contour I corresponds to the ori- 
entation of the piece of the plane x+y+z = 0 lying inside the 
sphere x?+ y?+ 2? = b? by the normal directed upward to the right 
(as is shown in Fig. 32): 


cos « = cos B = cos py = 1/4/3 
(F(x, y, 2) = xt+y+z=0, Fi = F,= FL =1, [grad F| = 1/3). 
In this case for the vector a: P = y, Q = z, R = x, therefore 


[ @aetzdy+xde) =— [ (cos a+cos B+cos y) dS ery ds, 
r 5 s 


where S is a circle of radius b lying in the plane x+-y+z = 0. The 
surface integral of the first kind of a unit function is obviously 
equal to the area of she surface, therefore 


fo dx+zdy+x dz) = 7 nb? = — 4/3ab?. 
r 
579. Compute, by Stokes’ formula and directly, the circulation 
i} ((y—z) dx+ (z—x) dy+(x—y) dz), 
r 


where I" is an ellipse: x?+y? = 1, x+ 
+z = 1 (Fig. 33) traced anticlockwise 
when viewed from the direction of the 
positive z-axis. 


580. Using Stokes’ formula, compute 
the integral 


| ((y+z) dx+(x+z) dy+(x+y) dz), 





where I’ is a circle: x?+ y?+ 22 = b2, 
x+y+z = 0 (see Problem 578). Fig. 33. 


Chapter 9 


FOURIER SERIES 
AND FOURIER INTEGRAL 
(See [3], Chapter 4) 


Sec. 9.1. Trigonometric Series 
(See [3], Secs. 4.1 and 4.2) 


581. Construct the graphs of the partial sums S;(x), S2(x) of the 
series 





x cos kx 
k=1 k ' 


582. Show that the function 
sin kx 


I(x) = Py k3 


is continuous and has a continuous derivative on (— ~, ~). 
583. Find out at what points of the period the series 


cos kx 
7 (a > 0) 








k=1 


is convergent. 
584. How many times is it possible to differentiate the series 
sin kx 9 


ke 
k=1 2 


585. Find the domain of convergence of the series 





Sec. 9.2. Fourier Series 
(See [3], Secs. 4.3, 4.4, and 4.6) 


586. Expand the given function f(x) into a Fourier series with 
period 2z if 
(a)f)=x on (—a,2); 


(b) f(x) = =j= on (0, 2m); 
()f() = |x| on (—x, 2); 
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0, —t< < 0, 
( f@) = ete 
x, O<x<a7; 
x, —-~7<x=0, 
() f(s) = | me ean 
(f) f(x) = sin ax, —mu<x<a; 
(g) f(x) = = cosh ax, —mw=< X< TT. 


587. Investigate the convergence of Fourier’s series for the perio- 
dic function 


0 

fey=|° 

x, 

Solution. The given function is bounded, piecewise continuous 
and piecewise monotone on [0, 22]. At the point of discontinuity 
x = 2 it is not defined (see Fig. 34), 
i.e. it does not satisfy Dirichlet’s 
condition. But the value of Fourier’s 
coefficients is independent of what 
values are attained by the function 
(x) ata particular point. Therefore, 


let us define the function f(x) at the 
point x = z, putting 


—-7<x=<=0Q, 
(see Problem 586, (d)). 
O=<x<2 





f(x ) = — = oi = 7 ; 


Then the Fourier series of . function (see Problem 586, (d)) 





cos (2k +1)x = sin kx 
corm + —1jkti 2 
2 5 emake F (pen 


converges at all the points x € [0, 27] to the extended function, in 
particular, it converges to 2/2 at the point x = a, i.e. 


7 

ata 2 Ge 
whence 

- Sony 1, Ok ae 


588. Expand the indicated functions into Fourier’s series in terms 
of sines and cosines: 


(a) f@) = %; O=<x<a; 
(b) f« y=, O<x<a. 


‘ 
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589. Expand into Fourier’s series the function f(x) with period 
2/ defined by the formula f(x) = |x| on (—/, /)). 


Sec. 9.3. Orthogonal Systems of Functions 
(See [3], Secs. 4.5, 4.8 and 4.9) 


590. Find the scalar product of the functions: 
(a) f(x) = x, p(x) = sinx, Osx <7; 
(b) f(x) = sinx, y(x)=sinx, O<x<a/2. 
591. Find the norm 


b 1/2 
isl= (J ireartas} 


of the indicated functions f(x) (a = x = 5): 

(a) f(x) = x, O=x<1; 
(b) f(x) = cosx, O=<x =m; 
(c) f(x) = e*, O=<=x<1]; 
(df(xy)=1-x, O=x<l. 


592. Let there be given a sequence of 
functions (Fig. 35) 





1 1 
n n=—nitay, 0O=<=x<I1/n, 


Fig. 35. fle) = | - 0, Ijn=<x<= 1. 


For what « = 0 is this sequence convergent to zero in the mean? 
593. Investigate the sequence 
sin mn*x, O=x=n-4, 
fs) =| es 
0, n*<x<2 


for uniform and root-mean-square convergence. 
594. Prove that the set of Legendre polynomials 


1 an 
PAX) = yy Ge GP-I -(n = 0,1,...) 


is a complete set of orthogonal functions on the interval (—1, 1), 


1.€. 
1 


| P(X) P,(x) dx = 0 (m#n), 
-1 
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and satisfy the condition 


[9 dx = eo 


Solution. Note that from the definition of the Legendre 
polynomial P,(x) it follows that its coefficient of ." is equal to 


(atl)... Qn—W2n bance 
2"n! 


d"P,(x) _ (n+3) (a +2)... 2a 
dx" 2" . 


Further, it is obvious that if k < n, then 
A (2 Nn = (X21) As), 


where A(x) is a certain polynomial. Therefore for k <n 


dt oy 
dyt CO | = 0. 


x=+1 


Let, for the sake of definiteness, m1 > ». Integrating by parts 2 
a we have 


J P,(x) Py(x) dx = ¢ J P, (0) (x2—1)" dx 





1 
dm-} 5 1 ; d™-1 . 
cP,,(x) Pre (x?- 1)" ee c i} P,(x) cant (x2—1)™ dx 
-1 


v 


1 
(=e f Py) So (P= 1)" de = 
=1 


1 
= (Ite f PP) 2 (8-1) de 
-1 





1 
= nc ED dm-n = 
= Clee gees Os 
-1 
dm™-n-l 1 
=C ~ x2— | m = 0, 
ee Ljymnani m—n— i ( ) oF 


where 
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In a similar way, we obtain 


n! 2? 


1 1 
J Pal) Pale) dx = (ctl)... 20 f Ge-1y dy 
-1 -1 





#1)...2 7 
= 2 eae "yf (l = x)" dx. 
0 


Let us evaluate the integral 
1 
In = fa-»y a, (n=.0, 1, ...); 
0 


Obviously, Jo = 1, 11 = 2/3. Integrating by parts, we obtain the 
following recurrence formula: 








2n 
I, ca n+1 Th-1. 
Hence, 
= —26466...2n 0) ee: (1) a 
"365-7... (Qnt1) 3-5... Qn+1)  (2n)! Qn41)° 
Thus 
1 
- yg (nt)... Qn—1)2n 2"(nly? 2 
| Pie ax =a 2 nl ~* Qn)! Qn+1) ~ Intl * 
-1 


Sec. 9.4. Fourier Integral 
(See [3], Secs. 4.12 and 4.14) 


595. Find the cosine transform of the function 
1 
fe) =| 4 


596. Find the function defined on (0, <) whose cosine transform 
is equal to 


» O<zx<a4, 
, xX>a4. 


2 sinas 


wu Ss 





597. Find the cosine transform of the function 
cosx, O<x<a, 
fs) = | : 
i x>a. 
598. Find the sine transform of the function 


T(x) = e7 */x. 


Ch. 9. Fourier Series and Fourier Integral 





599. Evaluate the following integrals: 


@) [ SRS (a> 0, s= 0); 
0 


(b) | e~4* sin 3x cos 2x dx; 
0 


co 


(c) f e~8* cos 3x cos 4x dx. 
0 
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Chapter 10 


EQUATIONS OF MATHEMATICAL PHYSICS 
(See [3], Chapter 5) 


600. Let a function f(0) with period 27 be defined on (—z, 2) 
by the equality f(@) = |@|. Construct the harmonic in the unit 
circle function generated by these boundary values, and find out at 
what rate, in the mean square, the function u(p, 6) tends to its 
boundary values f(6) for @ ~ 1—0. 

601. Find the solution of the heat equation 

2 = Sie (0=< x <2, 1> 0) 


for the initial condition 
u(x, 0) = f(x) = — » OSN=EA, 
and the boundary condition 
u(0, t) = u(x, 2) = 0. 


Estimate the integral 
n 1/2 
A= ( j |u(x, )— f(x) ras] 
0 


for t + + 0, i.e. find out the character of convergence in the mean 
of the solution u(x, t) to f(x) as t > +0. 
602. Find the solution of the string-oscillation equation 
Ou Ou 
Ot ~~ Ox? 





for the initial conditions 


u(x, 0) = f(x), ME = F(x) 


(re eo | x, O<x< -) 


mu—x, nm/2<x<a7, 





and for the boundary conditions 
u(0, t) = u(x, t) = 0. 
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603. Solve the equation of oscillation of an endless string 
ou Ou 
Of ~ dx? 
for the initial conditions 
u(x, 0) = uf(x, 0) =<! 


eer (— < XN <oo), 


604. Let u(x, y) be a harmonic in the upper half-plane function 
attaining the values of f(x) for y = 0. Prove that if f(x) vx 
satisfies the condition 

[f(xt+O-f@)| =L tl, O<«<1, 
then 
|u(x, y)—f(x)| = cy (y > 0), 


where c is a constant independent of x and y. 

605. Find the stationary distribution of temperature u(x, y) in the 
upper half-plane and the isotherm (level line) u = 1/2 if on the 
x-axis the temperature 

1, [xj </, 
x)= 
F@) | 0, |x|>/ 
is maintained. 

Hint. The function u(x, y) is harmonic in the upper half-plane. 

606. Find the temperature distribution in an endless rod if the 
initial temperature distribution was 


f(x) = exp (—x*) 


(put a = 1 in the heat equation). 
607. Prove that the Legendre polynomials y = P,(x) (see Prob- 
lem 594) satisfy the differential equation 


d d 
~ 1-2») F +-n(n+ ly = 0. 


Chapter 11 


FUNCTIONS OF A COMPLEX VARIABLE 
(See [3], Chapter 6; [1], Chapter 5) 


Sec. 11.1. General Concepts 
(See [1], Sec. 5.3) 


608. Find the moduli of the following complex numbers: 

(a) z= 443i; (b)z=cosa—ssina; (c) z=—24+2/3i. 

609. Write in the trigonometric form the following complex 
numbers: (a) z = —1—/ 4/3; (b) z=— 1/24 i /2. 


610. Represent in the exponential form the following complex 
numbers : 


(a)z=-2; (b)z=7; (c)z=-1-iV/3; 

(d) z= sina—fcosa (a/2<a <2). 

611. Compute (— 1474/3)”. 

Solution. Represent the number z = — 1+/ /3 in the exponential 
form 

—1474/3 = 2exp (i=). 
Hence, 
(—14+/ 4/3) = 2° exp (4027) = 29°, 


612. Compute: (a) (4/3—31)°;  (b) (=) - 

613. Find all the values of the radicals: 

@) Vi-%, (b) Vi. 

614. Let Re w = x, Imw = y? (w # 0). Find w, 1/w. 
615. Prove the indicated equalities: 

(a) z+Z=2Rez; (b) z-Z=2iImz; (c) |z| = |z|. 
616. What curves are given by the following equations: 


(a) |z—Zo| =r, r> 0; (b) |z+e|+|z—c| = 2a, a> c—teal 
numbers; (c) Re(I/w)= 1/2, Im(1/w)= 1/4, w= x+2yi; 


(d) Im z2 = 2; (e) Im (4) = 1? 
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617. Find the images of points zo for the indicated mappings: 

(ajw=2, z=i; (b)=w=2/z, 2 = 2+3). 

618. Into what curve is the circle |z| = 1/2 mapped with the 
aid of the function w = z?? 


Solution..We have Rew = x?—y?, Imw = 2xy. Eliminating x 
and y form the system 


u= —y*, 
v = 2xy, 
x+y = 2, 


we obtain 

w+ = (xe+yy = 4, 
i.e. this is a circle of radius 2 with centre at the origin in the wv- 
plane (in the w-plane). Note that the circle |w| = 2 is described 
twice when the point z traverses the complete circle |z| = +/2, 
since 

Arg w = 2 Arg z+ 2ka. 


The present problem can also be solved by applying another 
technique. The equation of the circle |z| = 1/2 may be written in 
the form 7 ; 

ZS /. 2e!?, 
where 0 = 9 < 2m. Therefore 
w= 22 = (+/2e'*)? = ei, 


Hence it follows that the circle |z| = 1/2 goes into the circle 
|w| = 2 in the mapping w = 2, the circle |w| = 2 being described 
twice when the point z traverses the circle |z| = «/2once in the 
positive directidn (anticlockwise). 

619. Find out on what lines of the w-plane the following curves 
in the z-plane are mapped with the aid of the function w = 1/z: 


(a) |z} = 1/2; (b) argz=a/4, (c) Rez=0. 


Sec. 11.2. Limit of a Function. Derivatives 
(See [3], Secs. 6.1 and 6.2) 


620. Find the limit of the function w = Z at the point z = 7. 

621. Find out whether the limit of the function w = 2/z exists at 
the point O = (0, 0). 

622. Will the function w = Re z be continuous in the z-plane? 
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623. Which of the following functions have a derivative: 
(a)w=2, (b)w=Rez, (c)w=2; (d) w= 2-2? 
624. Find the modulus of expansion and the angle of rotation at 
the point zo = 0 in the mapping w = sin z. 
625. At what points is the mapping w = f(z) conformal: 


(a)w= 23; (b)w=cosz; (c) w= ze?? 


Sec. 11.3. Cauchy-Riemann Conditions. Harmonic Functions 
(See [3], Secs. 6.3 and 6.4) 


626. Find out which of the given functions are analytic: 
(a) w= ze?; (b) w= 222; (c) w=sin3z;  (d) w=cosh2z. 
627. Restore the analytic function f(z) = u+iv by its known real 
part u(x, y): 
(a) u= x*—-y?+2x; (b) u= X—-y?+ xy; 
(c)u=rpcosg+rinrsing (z= re'®), 
628. Find all the harmonic functions of the form u = o(x?+ y?). 
Solution. We have 
Use = 4x99""(x?+ y?)+ 29'(? + y), 
Uyz = Ay?'"(x? + y*) + 29'(X? + y”), 
whence 
Au = 4(x?+ y?) p(X? + y*) + 49'CP+-y). 


Thus, in order for the function u to be harmonic (4u = 0), the 
following equality must be fulfilled: 


(P+) 9") OOP) = 0. 
Setting x2+ y? = ¢, we obtain 
vO 1 diy 1 


git)” tt?’ dt t? 
geHN=Cit, go) =Cint+C,. 
Hence, the harmonic functions have the form 
u=Cln(0?+y)4+Ci, 
where C and C; are arbitrary constants. 
629. Find all the harmonic functions of the form u = ¢p(y/x). 
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Sec. 11.4. Simplest Conformal Mappings 
(See [3], Secs. 6.2 and 6.15) 


630. Find the conformal mapping transforming the upper half- 
plane onto itself. 

631. Map the unit circle |z| < 1 onto the upper half-plane so 
that the points z1 = —i, z2= 1, z3 =7 go into the respective 
points w; = —1, w2= 0, w3= 1. 

Solution. The desired mapping is realized by the linear-fractional 
function 





wth 141 — z+i iti _ i(t-z) 
(200 aol ast. Se 
The inverse function 
i-w 
Z=-—-— 
w+ 


maps the upper half-plane onto the unit circle so that w, go into 
Zz, (k = 1, 2, 3). 

632. Map conformally the angle 0 < gy < 2/4 onto the upper 
half-plane (Fig. 36). 

633. Map conformally the strip 0 = y < 7: (a) onto the upper 
half-plane; (b) onto the entire plane. 

634. Map the vertical strip 0 < x <2/4 onto the unit circle 
|w| =< 1 (Fig. 37). 





Fig. 36. 





Fig. 37. 
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Solution. Let us turn the vertical strip into a horizontal one. 
To this end, let us perform a rotation through x/2 which is realized 
by the function 


z* = 27 ex (iS) =2 
= Plt >) = 72. 


In the plane z* = x*+/y* we obtain a horizontal strip 0 < y* = 7/4. 
Let us expand this strip fourfold: 


2’ = 42* = 4iz, 


In the plane z’ we obtain a horizontal strip 0 = y’ =. We then 
map this strip onto the upper half-plane with the aid of the expo- 
nential function 

z”’ = e = eliz, 


Finally, we map this half-plane onto the unit circle |w| < 1, for 
instance, with the aid of the function from Problem 631: 


_ f2! t—exp (4iz) 


~ 245 ~ F+exp (iz) * 

635. Find the entire linear function which maps the triangle with 
vertices at the points 0, 1, / in the z-plane onto a triangle with res- 
pective vertices 1++-/, 0, 2 in the w-plane. 

636. Find the conformal mapping of the circle |z| < 5 onto the 
circle |w| < 1 so that the points 5, 4+.3/, —5 go into the points 
1, i, —1. 


Sec. 11.5. Integration of Functions 
of a Complex Variable 
(See [3], Sec. 6.6) 


637. Compute the integral 
J (+#-22) de 
Cc 
along the lines connecting the points z; = 0, zz = 1+/: (a) along 


a straight line; (b) along the parabola y = 2°; (c) along a polygonal 
line 212322 where zz = 1 (Fig. 38). 






z=1+i . 
638. Evaluate J z cosh z dz. 


@ 

n(l+i) 
639. Evaluate i} z cosh z dz. 
Fig. 38. 0 


z,=1 x 
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If a function f(z) is analytic in a simply connected domain D, 
then the function 


Fe) = [sO 4 


is also analytic in D, and 
F(z) = f(z). 
Indeed, 


zt+h 
F°(2) = lim FE+D=FO) _ jim 4 [ s@ 4 
h—>0 h—>0 Pa 
zth zth 


= lim = J [f@)+n@)l a = f+ jim 5 J n(é) dé = f(@), 


where 7(£) + Oas € + z, since fis continuous at the point z. For 
small h, |n(€)| < «, therefore for such h 


zt+h 


fa 


z 


zth 


5 f meade 


z ! 


€ 
= Tal “|hl = & 


é 
= —_ 


[hI 














It is understood here that integration is performed along the 
straight line connecting the points z and z+h. We are allowed to 
proceed so, since f(z) is analytic and, consequently, the integral is 
independent of the path of integration. 

Thus, we have proved that F’(z) = f(z). The function F(z) is 
called the antiderivative (or primitive) for f(z). 

The same as in the case of a real variable, we can establish that 
two arbitrary antiderivatives for the function f(z) differ by a cons- 
tant term. 

Hence it follows that if ®(z) is an antiderivative for f(z), then 


[ £© 4 = G@)—GE0) 


which is known as the Newton-Leibniz formula. 
640. Using the Newton-Leibniz formula, compute the indicated 
integrals: 
Qi i 
(a) J (3z2+2z) dz;  (b) [zsin zdz. 
i 0 


1 
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Sec. 11.6. Cauchy’s Integral Formula 
(See [3], Secs. 6.7 and 6.8) 


We know that if f(z) is analytic in a domain D bounded by 
a piecewise smooth contour C, then there takes place Cauchy’s 
integral formula 





641. Evaluate the eee 


ees dz 
t= [%D 5 


if: (a)C: |z—2| = 1; (b)-C: |z| = 1; (©) C: |z—6| = 1 (Fig. 39). 
642. Compute the integrals: 
(a) i exp (z*) dz , (b) f exp (z) dz ; 


2(z+1) 2(z +1) 
|z—1,=3/2 |z+1|=1/2 











Fig. 39. 


643. Evaluate the integral 


sin 2z 
[z-1|=1 


Solution. The function f(2) = 


|z—1| <1 (Fig. 40). Therefore, using the formula 
FO) = E, ( LOF (2) 


2nt J (z—Zp)"!4 
Cc 


is analytic on the circle 





for n = 1, where C is the circle |z—1| = 1, we obtain 
yee ia sinnz dz = Qe ni( a) 





/GHy (1)? (z+1)?] |za1 

z- 

= Bone 2 sin 1z = es 
ou +i) gee ge ag 
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644. Evaluate the integral I round the circle |z] = 2 
cosh z dz 


[= @+)°@—1) * 
jz[=2 


Hint. Construct the contours Ci and C2 incorporating, respec- 
tively, the points z=—1 and z = 1 and lying inside the circle 
|z| = 2. Then | war ee + [ies and then apply 


CQ Ce 


|z|=2 
formulas (1) and (2). 


Sec. 11.7. Series in a Complex Domain 
(See [3], Secs. 6.9 and 6.10) 
In Problems 645 to 651 find the radius R of convergence of the 
indicated series: 
zk = 1 ok x zekt 
645. > Oies, Ds RUZ 647. Te 1) Bk 


Kook! 


648. ( (<1 Sey. 649. (—1kzk. 650. y einzn, 
k=0 : k=0 


n=0 


651. y (n+i)z". 


n=0 


In Problems 652 and 653 expand the given function in a Taylor’s, 
series in the neighbourhood of z = 0 


1 1 
652. (+z)? . 653. (1 +z) (z—2) . 


654, Expand the function f(z) = ye in powers of (z—3). 
Solution. Transform the given function in the following way: 
1 1 1 1 1 


§42z ~ 5422-3 +3) 14-1 22-3) ~ Ti ; 12 @-3) 
Substituting in the expansion 
I 2 in git 
{427° {—z+2z TJ ewe +(—1) Zz + o2e 
i (z—3) for z, we get 
“ st =i i {1- ne 3)+ 75 (e— 3f- . 


1 
= pet fE-3- ... . 
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The last series converges for 
11 


z—3|<1, or |z—3] =: 


2 
i! 
Hence, the radius of its convergence R = 11/2. 
655. Expand the function f(z) = 1/(3—2z) in powers of (z—3). 
656. Determine the domain of convergence of the given series: 


w (V2+iV2)" . + 1! 
@ 2 eb O Raeriy 
657. Expand the function f(z) = ened in Laurent’s series 


in powers of z in the following domains: (a) 0 < |z| <1; 
(b) 1 < |z| < 2; (c) |z| > 2. 
658. Expand the function 


1 
{= @—1? 
into a Laurent’s series in the annulus 0 < |z—1| < 2. 


In Problems 659 and 660 expand the given functions ina Laurent’s 
series in the neighbourhood of z = 0: 


659. "7 660. 2? exp (1/2). 


Px 





Sec. 11.8. Isolated Singularities. Residues 
(See [3], Secs. 6.11-6.13) 
661. Determine the character of the singular point z = O for the 
indicated functions: 
(a) f(z) = (e?—-N/z; (b) S(z) = tz, (©) £2) = exp (1/2"). 
662. Find all the singular points and determine their character 
in the given functions: 


1 Pee | 
(a) s 3 (b)cos—; (c)zsin—; (d) tanhz. 


663. Find the residue of the function — at the point z =o, 
" Solution. We have 


A A A SG fa\k A, Aa 
a a) 
2(1- 2) k=0 
Zz 
consequently, 
Res 4. =—A 
zZ—a 
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664. Find the residues of the function 
f(2) = sin 2” 


(-) 
4 
at its singular points. 

Solution. It is obvious that z = Oand z = 2/4are the end singular 


points of the given function. 
Let us find the limits of the function f . at these points: 


/ 








sin 2 4 
vat {@= Jim beer cT ee =e 7 i 
a J Oz =o, 
Thus, z= 0 is a ae singular point and Res f(z) = 0. 
z=0 
Further, z = 2/4 is a pole and 
: 1 - sin z? 16... 
BESO BRIE a) Eee ot ne: 


The point z = © is also singular, it is an essential singular point. 
To find the residue of f(z) at this point, one has to expand the func- 
tion in a Laurent’s series in powers of z: 


ert) 


fO@=3¥ (% <)". 2c \ GeeDr 


Multiplying the series and grouping the terms with like powers of z, 
we obtain 


1 x 78 wz 
f@= 2 (!-gyt as at )t 2 ce 





; #1 
1.e. 
nt 7 
Res f(@) = —(1— grit ges ) 
4 (x? n8 70 _ 16... 
=~3(R- art ae ) =— 33 sin Fe. 


The same result will be obtained if we take advantage of the basic 
theorem on residues according to which the residue of the function 
F(z) with respect to z = oo is equal to the sum of the residues with 
respect to the end singular points taken with the minus sign (see [3], 
Sec. 6.13, Theorem 1). 

Let us consider one more method for finding the residue of the 


function f(z) at the point z = «. The function + sin 2? may be 
regarded as analytic on the z-plane, if it is supposed that it is equal 
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to lat z = 0. Therefore it is expanded into a power series in powers 
> m4 . . . Y 
of (2— i) which converges in the entire z-plane: 
sinz® __ sin (7/4)? __ a\k 
2 = Gj > a(2—F) 
But then 


— 1, sin@/4? __ 1 sin@/4yt SO 
S(2) i 7 (2/492 +z) 7 (n/4)? a CRZ", 


4 3 








where the power series on the right is convergent for all z. In fact, 
w(z) is a function analytic in the z-plane and it is expanded in a 
power series convergent in this plane. Now, taking into considera- 
tion Problem 663, we obtain 

sin(x/4?> 1 sin (77/4)? 


Res ((@) = Res “Gia ae =~ Gib 
4 


665. Find the residues of the indicated functions at their singular 
points: 


(a) (@ = Asin (112%); (b) f= 2 exp (1/2); 
OsSO= wes; O/@=G-2 exp(+). 


Sec. 11.9. Computing Integrals with 
the Aid of Residues 
(See [3], Sec. 6.14) 


The basic theorem on residues can also be formulated as follows: 
the integral of f(z) about a contour J’, traced anticlockwise, is 
equal to the sum of residues with respect to all singular points 
Z1, ..+ Zn, found inside I’, multiplied by 2a: 


[ 1@ dz = 2x > Res f(z,). (1) 


666. Evaluate the integral 


e—1 
J seen” 


lz|= 


Solution. In the domain |z| < 2 the function f(z) = at is 
analytic everywhere except for the points z = 0, z =—1. Let us 


(Ch. 11, Functions of Complex Variable == =D 





find the residucs of f(z) at these points. Since z = 0 is a removable 

singular point, Res f(z) = 0. At the point z =—1 the function 
z=0 

(2) has a simple pole, therefore 

Res f(2)= lim (2+ 1) f(@) = lim i = 1-e-1, 

age ly a 


z=-1 


According to (1), we obtain J raat dz = 2ni(\—e-). 
|zj=2 
667. Evaluate the given integrals: 


a 2 2 
(a) leres ,» where I’: Tt+H= 1; 


*d. ; 
(b) I os, ot > oo ree ’ re x24 yp? = 2x3 
\z!= 


z+1 a x? o 
(d) i} eepey de, where T's F-+y?= 1. 
r 


668. Compute the integral 


I= | So ero. 


Solution. We introduce the function f(z) = oe ea of the com- 


plex variable z. It satisfies the conditions of Theorem 1 from Sec. 6.14 
[3] for m = 4 and has in the upper half-plane a pole of the second 
order at the point z = ai: 

d 2 — 


— * d — 
Res f(z) = lim 7 (2—ai) f(2) = lim 4 Gray = 
Then 
I = 2ni Res f(z) = =. 
F ces J Q=s, 
669. Evaluate the integrals:' 


1 
@ f Faas (b) | cxrattors (a> 0, b> 0); 


aA 
© ik re © f Gap “CH 12s). 
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670. Evaluate the following integrals: 


(a) i Sg dx (a>0); &) I wane 4 
en. Compute the integral 


oo 


— f _sinx 
= | Hota 2% (a> 0). 
0 


Hint. Consider the function {(z) = WS and the contour 


I’., r (Fig. 41). For a small ¢ and large R the function f(z) has one 
pole inside the contour I’, r. Note that f(z) has a singularity at the 
point z = 0 on the real axis. Then pass to the limit: 


ti i} f(z) dz. 


fo Te,R 





Fig. 41. 


672. Compute the integral 
I= i} exp (— ax?) cosbx dx (a>0, b> 0). 
0 


Solution. As we know, 


eo 


[ exp (-»*) dx = Va, 


—0° 


therefore 


oo 


| exp (— ax’) dx = a/*. 
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Consider the function f(z) = 
= exp(— az?) and the contour 
having the shape of a rectangle 
with sides 2R and b/(2a) (Fig. 42). 
Inside the contourI the function 
exp (--az?) is analytic, therefore 


fexp (-- az’) dz = 0, 


Tr 





i.e. 

R b/2a 

| exp (— ax?) dx+ | i exp [—a(R+iy)*] dy 
—R 0 


+ i exp [—a(x+ is)’ dx+ i iexp [— a(— R+iy)"] dy = 0. 
R b/2a 


As R + ©, the second and fourth integrals tend to zero at the ex- 
pense of the factor exp (— aR®). Therefore, in the limit, as R > ~, 
we obtain 

i} exp (— ax?) dx+ f exp (— ax?) exp (— ‘bx) exp Ls dx = 0. 
Hence, separating the real part in the second term, we have 


oo co 


exp (Z) | exp (— ax”) cos bx dx = | exp (— ax’) dx = / s 


—0o —0o 


or 


i) exp (— ax”) cos bx dx = tz exp (-£). 
0 
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OPERATIONAL CALCULUS 
(See [3], Chapter 7) 


Sec. 12.1. Transforms of Simplest Functions 
(See [3], Secs. 7.1 and 7.2) 


673. Using the definition, find the Laplace transforms of the 
indicated functions: 
(a) fM =e; (b) f(D = sin 31. 
674. Is it possible for the function y(p) = 1/sin p to be the trans- 
form of some object (or original) function? 
675. Using the property of linearity and the property of similarity 
find the transforms of the following functions: 
(a) f(@) = t4+2;) (b) f() = 2sin3t+e-*% (¢ = 0). 
676. Is 
exp(?), 1>0, 
y= 
Ko | ee 


an object function? 
677. Find the transform of the function /(4) = cos mtcos nt. 
678. Using the theorem on differentiation of object function 


Lf’; p] = pL{f; p]—f(0), 
find the transforms of the following functions: 
(a) f(t) = cos? 3t; (b) f(A) = cos! t. 
679. Using the theorem on differentiation of result (or image) 


function (F’(p) = —¢f(t)), find the transforms of the below func- 
tions: 


(a) f() = @ cost; (b) f() = t sinh 34. 
680. Using the theorem on integration of object function 


_ FO) 
owns 


find the transforms of the following functions: 


(a) f= Je sinh 3t dt; (b) f() = ie cos t dt, 


0 0 
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681. Using the theorem on integration of result function 


LO = | F@) da, 
Bp 

find the transforms of the following functions: 

(a) ae 5 (b) aw > (0) ue 

682. Using the Sheseen on een (shift) of result function, 
find the transforms of the indicated functions: 

(a) e* sin ft, (b) eff cos t. 

683. Using the theorem on delay of object function 

Sf (t-te) = e-"F(p), 

find the transforms of the below functions: 

(a) sin (t—b) oo(t--b); 
1, ¢=0, 
0, t<0. 
684, Find the transforms of the following functions: 


@so-{," OSE FE N=aTO,. eee: 


(b) ef-9a9(t—3), where oo(t) = | 


2-t, 1l=<t<=2, 
(b) f( = |sin ¢]. 


685. Find the transform of the given convolutions: 


t t 
(a) J e'-tsint dt; (b) li (t—t)? cosh t dt. 
0 0 






Sec. 12.2. Finding Object Function 


686. Find the obj nction f(t) if F(p) = 1—cos (1/p). 
687. Find the object function for the result function 


1 
FO) = 35-7 @ aD 


688. Find the object function for the eee result function: 


(a) F(p) = ris} EDs PTD 
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689. Find the object function for the function F(p) = 1/1/1+p?. 


Solution. Let us expand the result function F(p) into a Laurent’s 
series in the neighbourhood of a point at infinity: 


1 3 
12 1 1 2 “2 
Fin) => (Ita) silat’ 2p .] 


oe 1)* (2k)! 
mae (KY)? 2p )2 22kp2 2k+L * 


By Theorem 11 (see [3], Sec. 7.2), 


(= = La are Ti i= Jo(A), 
where Jo(t) is a Bessel’s function of the zero order (see [3], Secs. 


1.25 and 5.9). 


690. Find the object function for the rational functions F(p), 
using the equality 


FQ = SX Res [F(p)er 


where pi, ..., Pm are the poles of the function F(p): 


(b) F(p) 7 2p? + p?+2p+2 


(a) F(p) = Tess > ~ “pp? +2p+2) * 


Sec. 12.3. Applications of Operational Calculus 
(See [3], Sec. 7.3) 


691. Solve the given differential equations for the indicated initial 
conditions: 

(a) x’+x = e-!, x(0) = 1; 

(b) x”+x=2cost, x(0)=0, x(0)=-1; 

(c) x”+2x’+5x=3, x0=1, x(0= 


692. With the aid of Duhamel’s formula, solve the following 
equations: 

2 1 cds Tah = . 

(a) x= ite ’ x(0) =x (0) = 0; 


(b) y’+y=sinx,  y(0) = y'(0) = 0; 
(c) y’+y’ = 10e*, (0) = y'(0) = yO) = 0. 
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693. Solve the system 
x’+y =0, 
yt+x=0, 


Solution. Let X(p) = x(4), Y(p) = y(t). Write the operator equa- 
tions 


x(0)=1, y(0)=—1. 


| pX(p)— x(0)+ Y(p) = 0, 
X(p)+pY(p)—y(0) = 0, 
or 
| PX(p)+¥(p) = 1, 
X(p)+ PY (Pp) =-1. 
Solving this system with respect to X(p) and Y(p), we have 
Xp)=s5, Y(p)= =. 
Hence, 
xN=e, yt)=—e. 
694. Solve the following systems: 
x+x’ = pte, 
o) ean 
yty = xt+e, 
x” = 3(y—x+2), 
(b) ) vy” = x-y, 


x(0) = y(0) = 1; 


at 





Zz’ =~4z, 
x(0) = x(0) = 0; y(0) = 0,790) =—1; 2(0)=1, 20) = 0; 
y’ = 32z--y, 
@{? 
Zz’ =y+zt+er, yl 0. 
695. Compute the below in 
as f cos xt : iw [sin xt cos t 
(a) I(x) = f cor dt; (b) I(x) = | sn xt COS dt. 





0 0 


Chapter 1. 


8. a = 0.1) = 1/9. 9. a+b = 0.(25) = 25/99. 10. 4+B = [2, 6), AB = 
= (3, 5], A\B = [2, 3]. 11. (a) -—3.1<x<-2.9; (b) x <—-7,x> 13; 
(©) x <-—3/2; (d) O<x< 1/2; © x =<=-—3/2, x=1/4. 12. a>-—a, if 
a>0, -—a>a, ifa<0. 13. @) b=0; (b) b<0; (©) b<0, (d) b=0. 
14. (a) 1; (b) 1; © 2/2. 16 0. 17. 0. 18. 1/2 (see Problem 1). 19. 1/3 
(see Problem 2). 22. No. It issimply unbounded. 27. 9/8;1/6. 28. 2; —30. 
29. 0,1, 1,1; —1/6, 4/3, 1/3, 1. 30. —1,0,1. 32. Hint. Take advantage of 


the inequality - > : = (k=2). 34. E=(-—o, 0); E, = (0,1). 








k-1 k 
_ [3-17 344/17 -| vn 
35. £ =| a ie | E, = |0, ~-]. 
44x t3 5 2 /(] — v2 
36. 1, oTyeae est f(x), 2/0 4+"), (i +27)/(1 -—2°). 


42. 0,2532, 00. 43. f(x) = | Ss DE UP ere hays 
1, x>n/2 
0, O=x <2, 
g(x) = { sinx, m<x<3n/2, (Fig. 44). 
-1, x > 3n/2 





Fig. 43. Fig. 44. 


44. (a) 1; (b) 2/3; © 1/2; (d) 3; ©) 4/3; (f) 0; (ge) —1/16, (h) 1/144, 
@ 1/4/2a; (j) 0. 45. (a) 3; (b) 2; © 4. 46. 0. 47. (a) 4; (b) e; 
(c) 1. 48. (a) 4; (b) a& Ina. 49. Continuous everywhere (Fig. 45). 50. If 
A=2, then f(x) is continuous everywhere. If A #2, then x =1 is a 
removable discontinuity (Fig. 46). 51. x =—1, x = 3 are points of dis- 
continuity of the first kind (Fig. 47). 52. x =—1 is a removable discon- 
tinuity (Fig. 48). 53. x = —1 is a point of discontinuity of the second kind. 
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2 
Fig. 49, Fig. 50. 
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54. x = ee a (k=0, +1, ...) are points of discontinuity of the first kind 


(Fig. 49). 55. x=lisa point of discontinuity of the first kind (Fig. 50). 
56. x =0 is a point of discontinuity of the first kind if a ~ 1 (Fig. 51). 
57. d6< 6/8. 58. d= e/12. 59. = dy)/(cy—a). 60. 3x. 61. x. 62. f’ = 
= 3x?—-2, f’ 0) =—-2, f’ (2) = 


- x . - aes, , = 
63. f (x) = aresin == + ES OFTER a (<=-)ro=-0/ (= 
fA 1 2(1 +x?) 
= —+——. 64. 

6 23 (1—x?)? 

1 1 1 

-@ 1+ 0); (b) -~-——~- > 0); 

Sng age =O (b) a a are ) 


1-x+4x° ; 142x? | 
©) Ge (lx! #1); @) G 4x50? 


(x| # 1). 





) Ga (lx| < lal); 


142 x+4Vx Vx4v/x Gai 








(f) —— 
Oe NaaNe aIa 
2 
Gye (x«>0); (h) -— @WeHka, k=0,41,...)3 
3x nr sin? x ) 
: x oy Sin x __, 2k-1 : ; 
@ (cos x +x sin x)?’ OD costix ( gear Bik k— integer) 


tan 2 -2 
(k) -2 “(cos x) ae 5 () ere*(1-1 ee"); 








—2 sgn x 
08-1 ya Trt 2 2 - 
(m) ax tax" te" Ina; (n) ees) (x # 0); 
sgn x 
(o) —== (0-< al < 1). 
V1-x? 
1 2k+1 5 
cay (ees k= O41 sds 67. —2x exp (—2?). 


68. (a) 2x cos x?; (b) sin 2x; (C) 21x* cos x’ sin? x7; (d) —cos x-sin (sin x); 
(©) —2x sin x?; (f) —4x3sin 2x4. 69. (a) 1/s/a?—x? (a>0); (b) af(a? +x); 
() 1//a? +x; (d) sgncosx, x # ans k—integer; (e&) —1/\/a?—x? 


2 
(a>0); () Bxt+De"** 70. sis (0 < x-—2kxn <2, k—integer). 
71. @ i> ay =, +arclan x; Ors _ 6 into? (x #0); () - are _ dn “eis > e); 
d) —— > 1); eer seer >-1); - 1 xx 
(d) ae (Ix] > 1) (e) a eaD (x ); ° @ Icos x 


Selle thle: integer Gh Se OS 
2 eT x2 FJ 144/142’ 


Answers 129 

















. Wx : 1 x3 1 
)~~ «20; @ (@ #1); (iz x aa); 
” 2(1 +x) 1+x? eas x84] V2 
12x5 sin 2x 2k- : . 
qd) C- + @+x > (m) Sint x e088 x (« cal 3 nm, k—integer) 
(n) _ — arctan x; (0) ad Tee 
-1, -2<x<1, 
72. f(x) = 4 2x-3, I=<x<2, (Fig. 52). 
1, 2<x<4 
1, x<0, 
73. f(x) = | 1 (Fig. 53). 
=——, x20 
1+x 











74. x= = a 75. 2tanhx. 76. (a) 2x cosh (x?+1); 
(b) 18x° sinh? x® cosh x®. 77. (2x+1) sinh 2(x?+-x+1). 78. (a) 2 tanh x/cosh? x; 
——, .. Vxt/Toxt 
2x/cosh? x?. 79. (a) ——_—_—_——- ; (b) 1/*1/1+x?; () —=———_ ; 
(b) 2x/ ; Oe ans (b) 1// Vie 
(@) cothx (=O; © —sinhinx @>O; OM ems; 


(g) (sinh x)°°= [sinh x In sinh x+cosh x coth x]; (h) —(3 sinh x)/cosh! x; 
(i) 2 cosh x/sinh? x (x #0). 80. df(x) = (2x+1) 4x; df(1I)=34x; AS) = 
= 3Ax+(4x)*; for dx = 0.1, df(1) = 0.3, Af(1) = 0.31. 81. e%(1 +x) dx. 


82. coshxdx. 83. —xsinhxdx. 84. -24 (x| <1). 

85. (a) (-244xJe““; (b) AOHEE?. 87. 120e dx*, 88. e¢[In 2415] da" 

89 a Sato, » =a (t #1). 90. »’=—cott, y’= 
v= 2- 2 pa > 4 — —t) y’ 7 » v= 


= —1/2 sin’ t) Oe ke, k- ees 1.Y=4y"=1/f'O. 92." = 


sint the -d]v—18 = 0: 
a ears eres 4 sin? (2) (t 4 2kx, k—integer). 93. (a) y+ 11xv—18 = 0; 


Ily—x +46 =0; (b) have no common tangent. 94. p = arctan 24/2. 
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er urcy Re 
95. p= 2/4. 96. 2/6. 98. (a) c= 1/\/3; | (b) c= ees aL 


VBC; ©c=1 lV 3, VA, B,C. 100. (a) The function is increasing on 
(— 0c, 1/2) and decreasing on (1/2, oo); (b) Increasingon (— oo, 1), and 
decreasing on (1, co). 103. a/b. 104.2. 105.1. 106.4. 107. 1/4. 
108. 1. 109. (a) e~¥*; (b)e%; (c)a/b; (d)3; (e) —1/3; (f)2; (g) 1/3; 
(h)0O; @et; (1; 1; Mets ( a (-1+lnQ); (n) 1/n; 


@2—F; (p) n/m; (q) 1/2; (r) 2/m; (Ss) 1/2. 111. tangs x4 +75 xh 


+o(x®), 112. f(x) = L42x $223 x8 tole") Hint. Use the expansion by 


2 4 
Taylor’s formula for the function e*. 113. In cosx = —~ ~ 4 0(x). 


2° 12 
3 

114. sin (sin x) = x= + o(x'), 115. —1/12. 116. 0. 117. —1/6. 

118. —1/2. 119. (a) 2.718281; (b) 0.017453; ©) 2.236. Hint. Represent 

the number +/5 in the form 1/5 = 24/ 1 + and take advantage of 

Taylor’s formula for the function (1 +x)" for x = 1/4,m = 1/2; (d)In2 = 


= 0.69315, In 3 = 1.09861. 120. (a) For x = —1/2 a maximum, y(—1/2) = 
= 9/4; (b) for x = 0a minimum, y(0)= 0, (c) for x =0 a minimum, 


y(0) = 0; for x = +1 a maximum, y(+1) = 1; (d) for x = —1 a maximum, 
yw(—1) =—-2; for x = 1 a minimum, y(1) = 2; (e) for x = 3n/4 a maxi- 
mum, »(7) = V2 ean; for x = . a minimum, »(7) = V2 cam, 
(f) for x = 0a maximum, y(0O) = 1/4; (g) for x = 1/2 a maximum, y(1/2) = 
= 1/4; for x = —1/2 a minimum, »(—1/2) = —1/4;  (h) for x = 1 a maxi- 


mum, (1) = 0; for x = 3 a minimum, »(3) == —4; (i) for v= ka (k= 


4 
= 0, +1, ...) a maximum, y(km) = (- Df +5 3 for x = + =. | 2ha (k =: 
= 0, +1,...) a minimum, »( £37" +2ka) =}; G) for x = pheka 


(k =0, +1, ...) a maximum, (F +2kz) = SS for x = ~ Fj +2kn 


(k= 0, £1,...) a minimum, »(- 4 +2k2) aes 121. (a) 32; 1; 


(b) 10, 13; 2. 122. d= 7/2/8. Hint. \nvestigate the function py == 
= alto 12] for extremum. 123. (a) 2: 0; (b) (1 +/2)/2 — 1; 0. 


124, (a) x = | is a point of inflection; the graph is convex downward on 
(— co, 1); on (1, oo) the graph is convex upward; (b) x = +1f/o/2 are inflec- 
tion points; on (—1/4/2, 1/+/2) the graph is convex upward; on the 
intervals |x| > 1/2 the graph is convex downward (Fig. 54). 125. (a) Inclined 
asymptote: y= x; vertical asymptote: x = 0 (Fig. 55); (b) horizontal 
asymptote: y= 1, x = 0O—a vertical asymptote as x>+0 (Fig. 56); 
(c) y ='0—a horizontal asymptote (see Fig. 54), (d) y = x—an inclined 
asymptote as x --0oo; horizontal asymptote: y = 0 as x +—oo (Fig. 57). 
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Fig. 56. Fig. 57. 


126. (a) x =—1/3—a point of minimum, y(— 1/3) =—1/10; x =—1, 


x= 1/2 are points of inflection; y=-—1 is a horizontal asympotte as 
x + —coand y = 1is the same for x — + 00 (Fig. 58); (b) x = 0 is a point of 
minimum; x = —1 is a vertical asymptote; y = 0 is a horizontal asymptote 


as x —»—oo; the graph is convex upward on (— oo, —1) and downward on 
(-1, co) (Fig. 59). 127. (a) See Fig. 60, ',(@¢>1), I, (-1<t<D, I; 
(¢<—1); (bd) See Fig. 61,1; (¢ > 0), I, (¢ < 0). 128. (a) The sides of the 
rectangle: avV/2 and 64/2; (b) x = a/6; (Cc) PB=12km; (d) a= d/V3, 
h= dvV2/V3. 129. The rectangle is a square with side 2. 

130. eae -. Hint. By the cosine law, the distance between the 

V/ u? +? —2uv cos 6 

ships (see Fig. 7) at an arbitrary instant ¢ is r%(t) = (a+-ut) |-(6 +vt)?— 
—2(a --ut) (6+ vt) cos 0. The instant of time when the ships were at a distance 
a and 6 from the meeting place is supposed to be equal to zero. Then 


3/2 
investigate the function 7°(t) for extremum. 131. (a) (1+) > 

aed 2 2 4-2)3/2 
(b) SS ; (©) 2V/y. 132. € = a(t—3 sin t), 7 = 3a(1—cos ¢). 
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Fig. 59. Fig. 60. 
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Chapter 2. 


’ (For the sake of brevity, the constant C is omitted). 


625 3 4 5_10 , Ilo, 23,1 5 
133. 3 125x4+30x gta x. 134. x eee 
1- 
ee 


139. x—tanhx. 140. x—cothy. 141. aresin.y In |x -4/1422|. 





135. x—arc tan x. 136...—cosx +sinx. 137..4-1n . 138. —x 4+-tan x. 








142. os (2x —3)', 143. (a) es arc tan Sis (b) ee a 
200 fol Re re 3 2 
(c) ain|xi-——- 555 fe? neve e+ 3 4 ia: (e) -—x+ 
3 
+3Inixlt+2—34 5 (f) 2 Ste; (g) = ieee (h) —x+ 
1 14x -1) e 9 
ty In| 5 = @) x+2In sil G (j) at iné tio? (h) acosh x + 













(beintixe oy PCO Gnee 


— arc sin (« \3): 

1 = 1 Ee pe 1 
(n) —= In(o/3x +0/24-3x2); (0) —= In 34++/3x?—2|; (p) -—x 
V3 Mt WS Vv Vv | 6 
X(Be~=+2e-%), 144. —+/1—x*%, 145. In(2 < tan x—cot x. 

147, = (x +1)??—(x—-1)7?]. 148. —In|cos x]. 149. 2 are tan 1/x. 














- +30x 3 1 32 — man 
150. - 375, (2- 5x)! 151. 2(n 3—In2) ey aes . Hint. Divide the 
numerator and denominator by 2737 and set t = (3/2)*. 152. (a) = /xt=24 
Sennen 1 xt—+/2 
+In|x+/x?=2|; (b+) — (1 +x3)"8; ©) ; @—. in merit 
4 ar +x) 8VY2 | xt4+/2 





(©) arctane*; (f) x—In(1++/e*+1); () + n?x; (hb) In|sin x]; 


(i) In |tanh (x/2)|; (j) 2 arc tan e*; ) + (are tan x)*; (1) o248 sinh 2x; 
x 1, : ste 3 
(m) atta: sinh 2x; | (n) —2coth2x; (0) ———— (1—-3x)¥8; (p) 56% 


— +x?)43 (4x?-3);  (q) x—In(1+e7). 153. x arctan xt In (1 +x’). 
. —(x+1e* 155. xcoshx—sinhx. 156. —xcosx+sinx. 
a ier 4x een 158. x sinx+cosx. 159. —4/x-+{(1+x) arc tan 1x. 


160. (a) * sin 2x-™ =i cos2x; (b) ~24i2 arctanx; () -5x 


4 2 

Xe H(su044); (d) ~ Fes" Je"; (e) x(—1+In x); 

«(= et -+I1n «3 (g) (5+ 2) sinh 3x— (+ = 5) cosh 3x; (h) x? cosh x — 
n+l (345 3137 BO Ee ers 


~2x sinh .v4-2coshx; (i) In | tan 








> |-cos xIntanx. 161. (a) Inj|x—2|]+ 
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Ok is wie ns 
x—2| 49-2) 14-2)? ° 
(b) 1/1—a)5 © In|x*=2e 421. 163. (@) Fm |x-+11—4 nxt 41+ 
5(2x +1) 

eT 
x 


sn [x451: () 595 In 162. (a) arc tan(x—1); 





+5 are tan x; (b) [emer acme nena 
1 1 | FE +N 


1 (x 4-2)4 
164. (a) 21x)! 4 ™7=y (b) 9 In CADE TH 
x8 3x7) 5x8 dtx® 21x4 43x3 85x? x-1 
ic ae a . oa ie wae Me +3 In apy [3 
2 
(d) Ag ee poh ohan ee (© i Lai 
6 x-x4+1 V3 3 6 x4+x41 
te Es eect (f) — In aes 
ve 3 x+1 


in tXV241 1 x2 
ay . 165.2 —21 : 
(g) ree SFowyanl BV arc tan as 165. 24/x—2 In (1 ++/x) 
166. +4In(1 b fe A wt A 
(a) TIE oS +A/x); (b) — Ge &/xy¥ (1 ee 
3 4Vx-1. 2 _ 4, x? xV/x?-1 
a an Gy ae Oa a 


+5 lnlx+ve—Tls © lx +2Vx-Vx0FH)-In (Ve4+V 749). 
Hint. Multiply the numerator and denominator by the expression «/1+x— 
-1-Vx; 0 A = 

167. In |1+2x+2+>/14+x+x'|. 

168, 2 F-24245 In |x-1 V2. 


169, (a) 902% Bey Fin |tan xl. 


> 























1 
—— arc tan x; 
2 

















‘ sin? x 1 a 
170. (a) sinx-~* ; @) In |tan (+3), 











in. Fin |2 tan 2-1 } 172. (@) 3 are tan (5 tanx); (b) tan (x/2); 
(© -cot (/); @ -tan(F-5F); © F In [sinh Qx—1) cosh 2x +1)] 


(« > 3). 174. (a) Since 2x/n< sinx <x [0, 2/2], we have 


n/2 n[2 n/2 


J Zax < { sinx dx < [ x dx; 
0 0 


0 


Answers — = 1S 


1 1 
(b) since e* = fj. [0, 1], we have [ etd x = | (tx)dv. 175. (a) 7/63 
0 0 
3 
1; ©1; @Minvy2; ©) 7/3; (1s @ 1s Gh) -Z+in4. 
176. 7/(2ab) (see Problem 172). 177. 2 (see Problem 156). 178. x In x 
(see Problem 154). 179. /’()—/(1)-+/(). 181. (a) sin x2; (b) —4/1-1 2; 
(c) 0. 183. 2. 184. 4.5. 185. 26h/3. 186. nab 187. 37a2/2. 


188. (e2 +1)/4. 189. 6a. 190. 8a. 191. Taking 6 for the parameter, we have 
x = ecos 0 = f() cos 0, y = osin 6 = f(6) sin 6, 


B 
ITl= | VPO+(F'@OY a0. 


192. 32a/2. See Problem 191; one half of the curve is described when g changes 
from 0 to 3/2. 193. 8a. The upper half of the cardioid is described when 


7 varies from 0 to a. 194. (q) za; (b) Te ht Etre (c) 27/2; 


(d) mpa®. \195. (a) 8n(x— a; (b) 3x; © 5, 0"—1]; (d) Y nat. 





196. (a) By thi ‘angles the required integral 

: 4 

cy Mol t+&’ 

where i 

Xptx 

ar a Ee Ee (k = 0,1, ..., 8). 
Substituting the values of &,, we obtain 
15 1 
\z~ 22. TS ee 0.6927. 
The remainder 
<x 2, = jag < 0.0027. 


By the trapezoid method 
1 
Ix rT {f(%) +2f Ged + ... +2F() +S (%s)} © 0.6941 


with the same error as for the method of rectangles. 
By Simpson’s method, 


1 yg (PO) 44/0) F2P CD + ASCE) E ALG) +L G@)} © 0.69315 


with, the remainder of the quadrature formula 


t 


R, <5+10 §<10-4, 


M 
el ae 
44.2880 
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Thus, Simpson’s rule gives the first three correct digits for the value of the 
integral. The exact value of the integral 


1 
je J 2% _ tn> = 0.693147... 
1+x 
0 

(b) By the method of rectangles, 7 ~ 0.8358 and by the trapezoid rule, 

7 = 0.8352 with the remainder Ry. < 0.004. By Simpson’s rule, the remainder 
10 

Re = 5980.64 
four correct digits: 7 ~ 0.83565. 

197. L(x) = ~F&-Bet 198. (a) 7/4; (b) — » O<a=<1; mo, a>]; 


=< 10-5. Therefore, evaluating 7 by Simpson’s formula, we obtain 


a . 
a+b 


() s (e7+1). 201. (a) Converges for p > 0, a ¥ 0; for a = O it is convergent 


(C) 2/2; (d) co. 199. All integrals converge. 200. (a) 1; (b) 


if p > 1; (b) convergent if either p or g exceeds zero; (c) convergent for 
m>-—i1,n—m> 1. 


Chapter 3. 


202. 2. 203. —2. 204.1. 205.1. 206. cos(«+f). 207. 4ab. 208. 1. 
209. 4. 210.0. 211. (a) Odd; (b) even; (c) even; (d) odd. 212. A4,, = bc—x°, 
Ay. = x®—cx, Ayg = x*—bx, Agy = x*—cx, Ago = aC—x*, Aggy = x?—ax, 
Ag, = x*—bx, Age = x?—ax, Ags = ab—x*; A = ayyAyy +4424 yo +Gy34y3 = 
= 2x3-x%(a+b+c)+abe. 

213. (a) 0; (b) —4. 214. (a) 72; (b) (c—a) (6—a@) (c—B). 

215. A = A,-4, = 
rows by columns: 


7 10 9 
11 14 10 
9 13 9 








rows by rows: 

7 10 9 
11 14 10 
9 13 9 








columns by rows: 








colunins by columns: 
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e143 
217. rank A= 2,  A* = ( 3 2}. 
111 
218.x, =—7, x2 = 5. 219.x, = 3/2, x2 =—1/2. 220.x = 3/2,y =—1/2. 


221. The system has no solution. 222. x = —84, » = —93/2, z = 31/2. 
223. The system has an infinitude of solutions: 


27 3 1 ~=°5 0 1-7 5 -1 
R= 1 3 5-2 3 1 3 5 -—2 3 

1 5-9 8 1 0 2-14 10 -—2 

5 18 4 5 12]. 0 3-21 15 —-3 
01-7 5-1 

ce 13 5-2 3 (; 1-7 5 =) 
00 0 0 0 13 5-2 3 
00 0 0 0 

=(; 1-7 5 =) 
10 26-17 6 

Hence, 


= 6—262+17t7, y=—-1472—5t, 
ere z and ¢ are’arbitrary numbers. 7 : 
2A; = 3,rank B= 3. 225. (a) 5/4/2; (b) x = V/2, y=1,2=—-1; 


(c) 1/2. 226. 3, >/6;+/11; 2. 227. (a) 5/21; (b) 1/+/2; ©) 1/4/2. 

228. It cannot, since in this case cos” « +cos* 8 +cos? y = cos* a -+cos*B = 
= 5/4>1, which is impossible. 229. x= y=z= 1/3. 230. |a—b| = 22. 
Hint. |atb| = Vial?+|bP £20, b). 231. |at+b|] = 20. 232. wo = 2/4. 
233, 4=— 9) _ - (73+) | 234, x = 2/5, y= z= 4/5, 235. (1, —2). 
Hint. This problem is equivalent to dividing the line segment AB into two equal 
parts. 236.x = 1/2,y =—5/4. 237. Let M, = (z;,z,) and M, = (%, Z) be 
the division points (Fig. 62). We determine the 
numbers yz and A (see [2], Sec. 7) for the point M,: 










y 
_ IMAl _ 
POA ABY, ee ABER eg a ee 
Therefore 
Zy= 1-A+4p 
Ze =—5A43u = - Psi = 
7 
M, = (2, -3): 
Analogously, 
7,=3, 2%=1/3 («= 2/3,4=1/3), =5 


M, = (3, 1/3). Fig. 62. 
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238. Of the three given points, only /, lics on the indicated linc. 239. » = 


= x + . The point M, -- (2, 3) lies on the given line, therefore y—3 = 
= -3 (x—2). If for the point lying on the given line we take another point, for 
instance M, = (0, 13/3), then the equation takes the form: y— : = 4 x. 
240. (a) —x—2y 14> 03 (b) 20 Py FB = 0. 241, 2-39 = 0, By 1 22 0. 
—2x Sy 4 x yv 1 F x y 
242. (a) —2—-- =. -—- = 0; (b) Wb - -= 0: () — s 4-7 = 
V29 29 1/29 V2 V2 v2 V5 V5 
_3 0.243. (a)d= 12-144-2-51 _ V5 ats oe ee 
V5 VEE 2 1/68 
19 11-141-2| 3 
=——=; ©) d= ——_— = —. 144. (x-1)-20—-2)4+3(z 43) = 0. 
/68 /2 /2 


245. —4x-—y+2z+3=0. 246. (a) A(x—1)+ BOQ —1)—2(4 +28) (z—1) = 0, 

where A, B are arbitrary numbers, not all zero; (b) 2¢—1)+4(y—1)+ 

+z—1)=0. 247. Cases (a), (b), and (c) define parallel planes. In Case (c) we 

have even two merged planes. In Case (d) the planes are not parallel. 

248. (a) 2 : i= OpO oa rele ee, 249. (a)d= 
. (a 7 x Zz : 9 x 9 y 9 9 F (a 7X 


X|2-1—-3-2+6-1—7] =2; (b) d= F121 41-2-2-1-11 =5. 


250. cos y = 59/63. 251. x?+-y?+-z? = 144/29. Hint. The radius of the sphere is 
the distance from the origin to the given plane (d = 12/4/29). 252. ztet 
tees =1. 253. —7(x—2)+(+1)+5(z—1) = 0. Hint. From the conditions 


of the orthogonality of the planes ,find the ratios A/C and B/C, where A, B, C 
are the coefficients of the required plane. 254. (a) « = 2/3, B= 2/4, y=2/3; 
(b) @ = 2/6, B= 2/3, y= 0. 255. (a) 5/3; (b) 3/14. Hint. Take a point on one 
of the planes and find its distance to the other. 256. (2, —1, 0); (4/3, 0, —1/3); 
(0, 2, —1). 257. (a) AyD, = A,D,; (b) A, = D, = 0, Ap = D, = 0. 


cash ce 259. x =1+4+2t, y=—1+t, z=—345t. 260. (a) 


2 -3 5 

——- = = 3 (b) = J a = aa . Hint. In Case (a) solve the system 
with respect to x and y, and in Case (b) with respect to z and y. 261. cosg = 
ae = - g= z: 262. 1 = 3. Hint. Pass to parametric 
representation of the straight lines. Supposing that the lines intersect at some 
point, we obtain the system 





2to—Ity = 5, 
3to +4ty =—-1, 
4t,—2t, = 6, 
from which we find /, to, f;. 263. x = at = = . Hint. The vector 


(2, —4, 1) is collinear with the vector a = (a), a2, a3) lying on the straight 
line. 264. (a) The vectors a and b are oriented in an opposite way as compared 


Pelee ess _____ Answers = _139 


with the coordinate system; (b) the vectors a and b are oriented in the 
same way as the coordinate system (the determinant formed from the coordi- 


nates of the vectors : : =1>0). 265. jaxb|= 21. 266. Yes 


((aXb) = 0). 267. The vectors a and b must be collinear. 269. sin p = 
— faxbl 54/17 ll ‘| - a . 
rl ee rT aa 270. S: 3 44 2. 271. (a) Yes (coplanar); 
(b) no. 273. (a) Linearly dependent (see Problem 224, matrix 2); (b) linearly 


indcpendent, the rank of the matrix made up from the coordinate of the vec- 
tors is equal to three. 275. A = 15. 


5 2 29 —22 1 3 4 6 
276. (a) AB = (; 0) BA a (1 Ee (b) AB = G 7) BA = (; 43 
43 10 
49 11); the product BA has no sense. 


37 9. 

















1 3 lon 
277. (b) ic ): ©) (0 i) (n > 3). 
2a 2b ab 
21 G ahaa) si =(¢ ae 
-2 #1 1-1 1 
279. (a) A-1 = 3 i ; (b) A= [1-38 41 —34]; 
2 2 27 —29 24, 
+ _[{ cose sina) ,, _ (3 -2 
(A =| ose cose) = 4 i i x= (; ~ ale 
Joi od 
2 2 2 
0 1 
va cae 2 11 1 
. (1) A = 11 3 (2) A a Zz -F 
2 2 ; 
J 1 1 
2 2 2 


283. (a) Operator A is a linear one. Its matrix has the form A = 


0 1 1 
-_ (: 0 i) Hint. The column of A represent the coordinates of the 


3-1 1 
images of the basis vectors. For example, e! = (1, 0, 0). Ae! = (O, 2, 3); 
(b) operator A is not a linear one: 


AK +9) = ityy X2tyet1, X3t-¥gtl) 4 Ax+Ay = 
= (1 +Vis Het V2+2, X34+¥e-+2). 


-6 ll 5 
—12 13 10]. 
6 -5 -5 


w= 


ae 2-11 6 
284. BA = {1 —7 4]. 285. BA1=- 
2 -1 0O 
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ar ey ae 
a a ae | 

286.) {3 5 9 of: 
i ee ae 


Hint. In the old basis Ai! = i! +-3i? + 2i3+i4. This can be written as Ai’ = 
=> 2 4-295--i4, therefore the first column of the new matrix will consist of the 
following elements: 1, 2, 3, 1. Then we also transform Ai’, Ai’, Ait. 


-2 0 1 0 
[iat 27 
O] 146 4 
i <7 


Hint. The transformation of Ai! to the necessary form leads us to the solu- 
tion of the system: 


Al = 243242 4i4 = 
= a+ B49) +y0@4+P? +2) +6047? +E +7). 
Then A(? +2), AG +i?+4), AW +i? +15 +i) are transformed in a similar way. 
287. a =) Hint. We have a! = i++ 2i?, a® = —i1+#, b' = i'-2P, 
b? = 3i!—i, where (i!, i) is the original basis of the space. Express a’, anda? in 
terms of b', b?: a! = oa bi+ ibe, a= == b'— + b®. Then find Ab!, Ab? 
expressed in terms of b’, b?. 


This problem can also be solved in the matrix form. Let a = (a’, a”), b = 
= (b!, b’). Tis the transformation matrix from basis b to basis a, the columns 
of T consisting of the coordinates of the vectors a}, a? in the basis b!, b?. Then 
we can write in the matrix form 


a=OT, @) 
where in the present case 


Now let the linear transformation in basis a be given by matrix A and in basis 
b by matrix B: 


g(a) = aA, (b) = bB, (2) 


where the columns of matrices contain the coordinates of the images of the 
basis vectors in the corresponding basis, 9(a) = (p(a"), ya”), y(b) = 
= (pb), y(b’)). It is obvious that 


g(a) = 9(b) T. (3) 
Therefore, from (2) and (1) we have 
g(b)T = bBT and a) = bTA, 
whence, by virtue of (3), we have bBT = bTA. 
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Thus, BT = TA, 
B= TAT“, (4) 
Let us now find matrix B by formula (4). It is easy to compute that 
se J 16 
3 3 3 3 5 te 
T= , ATI = , B= TAT" = ( 2 1} 
peo! 1319 . 
5 3 3 3 
1 98 
15 15 
288. B= TAT"1= 
_32 _4l 
15 15 
289. (a) Orthogonal, (b) and (c) not orthogonal. . 


290. The vectors e!, e”, e? form an orthogonal basis in R3, since the rank of 
the matrix constructed from the coordinates of the vectors is equal to three 
(ie. e!, e?, e? are linearly independent) and the vectors are pairwise orthogonal; 


1 1 1 1 1 1 1 1 
Bia (age yg tela esa = o>): 


292. (a) The basis is oriented in an opposite way: (b) the basis is oriented in 
the same way as i, P,P (4 = 1). _ 

293. x, = ae X55 X= aN x2, ie. the passage (xj, x2) to 
(1, X2) is realized with the aid of the rows of matrix A*. 

294. The passage from the coordinates (x, x2) to the coordinates (xj, x3) in 
the new basis is realized with the aid of the rows of the matrix (A*)—!, and the 
passage from the coordinates (x;, x2) to (x;, x2) with the aid of the rows of 
matrix A*. We have 


#-( wh 


| Xy = xj +245, | xy =X, +29, 


X_ = X7 +4), Xe = Xy~—-Xy. 


therefore 


295. (a) No; (b) no; (c) yes; (d) no; (e) no; (f) no, if the given line does not 
pass through the origin; (g) yes; (h) yes. 

296. The entire plane; the vectors lying on any straight line passing through 
the origin; the origin. 

297. The set of vectors lying on the straight line x. = — 2 (k #0);x,=0 
for k = 0. 

298. (a) The dimension is equal to 3 (the rank of the matrix formed from the 
coordinates of the vectors is equal to 3). A basis is formed, for instance, by the 
vectors a}, a”, a‘; (b) the dimension is equal to 2. A basis is formed by any two 
vectors of the system. 
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299. Subspace L’ consists of the vectors V = (x1, X2, X3, X4) for which (v, a!) = 
= (v, a?) = 0, ie. the coordinates of the vectors v satisfy the condition x, = x, 
2x1 +X_+X3 = 0. The vector a = (y;, ¥2, ¥3, Ya) is Orthogonal to all the vectors 
v €L’ therefore its coordinates satisfy the condition 


O1+¥s—2y3)X1+W2—Ya)X2 = 0, VXI, Xe 
Hence, y2 = ¥3, ¥1+¥s4—2¥3 = 0. For the numbers « and # we obtain the 
system a+28 = y,, B = yo, B = yg, —% = yg. This system is solvable for the 


indicated y;, 2, ¥3, Ya, namely @ = —y4, B = Ye = Ys (the equality «+28 = y, 
is fulfilled automatically). 


_ 36 -37 —15 
301. ( ). 302. AX /)={ 30 30 14). 
2% 27 «9 


303. (a) A, = 2. Hint. Investigate for extremum the quadratic form u = x?+ 
+y?+2xy in the unit circle x? +-y? = 1; (b) A, = 3. 

304. (a) The form is indeterminate by sign, since 4, = —3 < 0; (b) the 
form is indeterminate by sign (4, = —1 < 0); (c) the form is strictly positive 
(A, = 2>0, 4, =1>0, 4, = 2 > 0). 


1 Pe os a 
305. (a) A, = 2 [ay, +429 +-V/4a%, + (G11 — 422)'] 
= FU-1 +/4-444] = 5, 
1 ete ie ee 
A, = 7 [ay1 + @22—V/4a¥s + (Qi — 422)*] = -V5, 


_24+V7B _ 9, U-VIB_ og. 
2 Sore 5. LE Sa ’ 


the form is of hyperbolic type; (b) 4, = — - 
the form is of elliptic type; (©) A, = 4 > 0, A, = 0; the form is of the parabolic 


ype. 
306. (a) The characteristic equation has the form 


-A 2 2 
2 3-A -1)=0. 
2 -1 3-A 








The roots of the equation: 4, = A, = 4, 43 = —2. The canonical form of the 
form: 442+ 4&2— 22; (b) 862+ 82+ 5&2 is the canonical form of the form. 
307. (a) The characteristic equation is _ 
6-A —-2 2 
-2 5-4 0O 
2 0 7-A 


== (6—A) (5—A) (7—A) —4(5 —A)—4(7—A) = 0, 








or 
(6—A) (5—A) (7—A)—8(6—A) = 0, 


has the roots A, = 9, A, = 6, As = 3. The eigenvector x! is found from the sys- 
tem 


—3x,—2x2+2x3 = 0, 
~2x1—4x_ = 0, 


3x, —2Xx3 = 0. 
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Hence, x3 = x}, —2x, = x;. The vector y! = (x _ 7 x1) is a solution of the 
system. Normalizing this vector, we obtain 
ed G9) 
Analogously, we obtain 


x= (-$ Zz 4) x= (5 re -5) 
i, a ae gee eek ae Y 


The canonical form of - form: 962 + 6&2 + 3&2. Orthogonal transformation: 


a 
zé 
7 tia ph 





2, 1 2 2 
xy => Fits &3, 2=— Bits seta fo 


2 1 
(b) 18&2 + 182 + 9&2; xy1= a x eet ase 
2 1 2 1 2 2 
2 Zing fet az Se a= az itgeata fs 

308. (a) AC—B? = 9 > 0—a curve of the elliptic type; 3(x—1)?+ 
+3(y—2)? = 12; € = x-1, 9 = y—2; 362437? = 12—a circle of radius 2. 

(b) AC— B? = 6 > 0—a curve of the elliptic type; 3? +2? = 6—an ellipse 
with the semiaxes a = 1/2, b = 1/3. 

(c) AC— B® = —2 < O—a curve of the hyperbolic type; £2—27? = 2—a 
hyperbola with the semiaxes a = +/2, b = 1. 

(d) AC— B? = 9 > O—a curve of the elliptic type; 367-+ 37? = O—the point 
(0, 0). 
(e) AC- BP = -2< 0—a curve of the hyperbolic type; 2-27 = 0—a pair 
of intersecting lines —4/2y = 0, €+4/2n = 0. 

(f) AC—B* = O0—a curve of the parabolic type; 4—37? = O0—a parabola 


with the axis of symmetry é. 
(g) AC— B? = 6 > O—acurve of the elliptic type; 3f?-+27? = — 1—an imag- 


inary ellipse. 
; 309. (a) AC— B® = —16 < 0O—a curve of the hyperbolic type; A, = 8, 
2=—2; 


1 
x=  _(&-y), 
5 l] 


“a ak Ca | 


y= 2 (+7); 


14 
88? — 27 sees n)—-—= (€+n)-13 = 0 
Vi V2 


is the equation of the curve in the system (¢, 7). This equation can be written as 


follows: 
. 8 IZ) -2 ree eee 
Ca aa 


/ 
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The translation 


u=§- v=nt+ 


3 
V/2° V2 
reduces the equation to the form 
2 
u Se =1. 

This is a hyperbola (Fig. 63) with 
the transverse (real) axis u. The ge- 
neral transformation of the coordi- 
nates has the form 


(b) AC— B? = 576 > O—a curve 
of the elliptic type; 


4, = 32, A,=18, B<O; 





x= 5 —= ¢-7), 


1 f= , 
Weak bea 


ey /2 
326? + 187% + e-em =0, 
v2 V2 


32(E +4/2)" + 1872 = 288; 


2 
cy +H 1; u= 4/2, v=; 


2 2 
M4 w= tan ellipse with the semiaxes a = 3, b = 4 (Fig. 64); 


9 16 
= 1 —v- ) eee ut+ov— 
aay ag 7 v2), a /2 ( + v2). 


(c) AC— B? = 0—a curve of the parabolic type; 4, = 25, 4, = 0, B < 0; 


3 4 4 2 
b= ps het z= ‘eyes ———}° 
xt= (3, 3) ( 5° 33 


yap tan; 


7 e 
sex (33-4)? (4£43)-50=0, (€-2% = 243); uw = §-2, 
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Fig. 64. Fig. 65. 


= +3; u® = 2v—a parabola with the axis of symmetry v (Fig. 65); x = 
a = (Bu—4v+18), y = -= (4u+3v—1). 


310. AC— B® = 0—a curve of the parabolic type; solving simultaneously the 
equations of the straight line and the curve, we obtain the equation 


x(2—k)?+6x+1 = 0. 
The discriminant of this equation has the form 
9-(2-—kP = (1+k)(5-k) (k #2). 


(a) Therefore for kK = —1 and k = 5 the straight line has one common point 
with the curve. For k = 2 the straight line y = 2x and our curve also have one 
common point; (b) -1<k<5,k #2; ©k<—-1,k=>5. 

311. k =-—3,k =-1/3. 

312. x? +2xy+y?—x—3y = 0 (parabola, AC— B* = 0). 

313. (a) (x4 1?+(74+2)?+2 = 93x41 = 642 =9,2= C474 
= 9—the surface of a ball of radius 3. 


& n (4 ma 
(b) atyty = 1-an ellipsoid with the semiaxes, a = 2, b = 1/2, 
c=2. 
eo CF F 5 ‘ = 
©) tote = 1—a hyperboloid of one sheet with the semiaxes a = 2, 
b=V2, c=2. 


(d) E42 = 2¢—an elliptic paraboloid (p = 1, g = 1/2). 

(e) ot Po = 1—a hyperboloid of two sheets with the semiaxes 
a=2, ’ = - c = 2. 

© = oo = 1—an elliptic cylinder (the equation contains no ¢). 

314. ® The characteristic equation has the form 


11-A 88 2 
8 5—-A -10 
2 -10 2-A 


= —A3 +1802 +81A— 1458 


ne 








= M(18—A) 4+ 81(A— 18) = (2-81) 18—-A) = 
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Its roots: A, = 18, A, = 9, A; =—9. Find the eigenvector from the system 


(11—Ay)x + 8xo+ 2x3 = 0, 
8x, +(5—A,)x2—- 10x; = 0, 
2x,— 10x, +(2—-Ay)x = 0, 


—7x,+ 8xe+ 2x3 => 0, 
8x,—13x,—10x3 = 0, 
2x,—10x,—16x,3 = 0. 
The rank of the matrix formed from the coefficients of the system is equal to two 


(all the three eigenvalues are different). Therefore we solve the system of two 
equations (in this case of any two): 


—7x,+ 8x, = —2x3, 
8x,;—13x_, = 10x35, xy =—2xy, xy = —2x5. 


The vector Vv = (—2x3, — 2x3, x3) is a solution of the system; normalizing it, we 
get the eigenvector 


x! = (2/3, 2/3, —1/3). 
We find in a similar way: 
x? = (2/3, —1/3, 2/3), x3 = (—1/3, 2/3, 2/3). 
The linear orthogonal transformation 


2 


2 2 1 1 2 
1 geita fey é3, X2= zac yz feta §3, 


1 2 2 
x3 =a fits feta Ss 


reduces the quadratic form to the form 
AE2 + AgER + Agéz = 1883 + 9638 — 982. 
The equation of the surface relative to ¢,, £5, £3 takes the form 
1825 + 963-985 +25, +262+26,+1 = 0. 
The canonical form of the surface (u =§, +g »Un= +3 » Ug = Eg— 5) 
— 1803 — 9u3 +9ug = 17/18 

is a hyperboloid of two sheets. 

(b) The characteristic equation is A(A—4) (A—2)—8(4—A) = 0, or 


(4—A)? (A+2) = 0 (we expand the determinant in terms of the elements of 
the first column). The eigenvalues: 4, = A, = 4, A, = —2; the eigenvectors 





w= (i 0 wal = ( Fa" “TH 7a) 
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Orthogonal transformation: 


xy = —§,- pose 
1= V5 1_ ait V6 3: 
Xe = 0-€,— mittee 

X3 = aatg omittete 


Canonical equation of the surface: 
—2u? —2u3 +u% = 1 
is a hyperboloid of revolution of two sheets. 
315. Ellipse ar = 1 with the semiaxes a = 3, 6 = 1/3 in the plane 
x = 2. Its vertices have the following coordinates in space: 


(2, 3,0), (2, —3,0), (2,0, +/3), (2, 0, - 4/3). 


24 72 —= 2y—z, 
317. (a) ¢ id 
x=0, 
—the equation of the projection on the yz-plane. This is the equation of a circle. 
x®—2xz+52?—4x = 0, 
(b) | 
y=0, 


—the equation of the projection on the xz-plane. This is the equation of an 
ellipse (AC— B? = 4 > 0). 


x?+4xy +5y?-x = 0, 
(©) 
z=0, 
—the equation of the projection on the xy-plane. This is also an ellipse. 


318. Parabola: ( -3) Es 3(2+3). 


319. z= cc. Hint. Regard the equation of tie surface as an implicit one: 


x? z 
FY 2) = atan a -1=0. 
Then the equation of the tangent plane at the point (xo, yo, 20) has the form 


OF 
(5 ), (x- x+(S = O- w+ (Se =), (z—Z») = 0. 
321. @) x? ce = 2z—a paraboloid of revolution or an elliptic paraboloid, 


(b) ae +¥ +5 = 1—an ellipsoid of revolution. 


322. = (3, 4, —2), (6, —2, 2). Hint. Pass to the parametric equations of the 
straight line. 
(b) The straight line and the surface have no points in common. 
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324. 9X*—16Y?—16Z?—90X +225 = 0. Hint. By virtue of symmetry, it is 
clear that the directrix is a circle obtained in the section of the sphere by the 
plane x = «. The value of « is found as the abscissa of the point of tangency of 
the straight. line passing through the point S and touching the great circle 
x?+y? = 9 in the xz-plane. 


Chapter 4. 


325. (a) x?+4y? < 1—1the interior of the ellipse with the semiaxes a = 1, 
b= 1/2 eeaine its s boundary (Fig. 66). 

(b 5-7< < 1—the region between the branches of the are with 
the semiaxes a = 3, b = 2 including the branches of the hyperbola (Fig. 67). 

(c) y? = 4x—the exterior of the parabola, including the curve itself (Fig. 68). 

(d) The entire plane except the origin (0, 0). 

(e) x+y > O—the half-plane above the straight line y = —x (Fig. 69). 





Fig. 68. Fig. 69. 


(f) | y/x| = 1, x 4 0. The part of the plane adjoining to the 1-axis between 
the straight lines i +x, excepting the origin (Fig. 70). 


x? z 
326. (a) Z +R y ato = = 1—the part of space found inside an ellipsoid with 
the ulna a, Ae c including the surface of the ellipsoid (Fig. 71). 
(b) a+ fa Fe =< [—the part of space found inside a hyperboloid of 


one sheet, including its surface (Fig. 72). 
(c) x?+y* < 2z—the part of space found inside a paraboloid of revolution 
(Fig. 73), 
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Fig. 75. 


2 2 2 
(d) 5 ---% «=< 1—the part of space found outside a hyperboloid of 
two sheets, including its surface (Fig. 74). 
{e) |x| <1, |y| = 1,|z| = 1—the interior of the cube centred at the origin 
with edge equal to 2 including its faces. This cube is bounded by the planes 
x=+1,y =+1,z=+1 (Fig. 75). 


150 A Collection of Problems 





327. f(1, 0) = 1; f(, 1) = 2; fQ, 1) = 9/2. 
328. f(x, y) = (x*—y*)/8. Hint. Introduce new variables: u = x+2y, v = 
= x—2y. 


2 2 
329. (a) a+ = 1—c—ellipses (c < 1); for c= 1—the origin; for 


c > 1—imaginary ellipses which means that the plane u = c does not intersect 
the graph of the function; 

(b) yy = cx? ‘—parabolas with the y-axis as the axis of symmetry. For c > 0 
the parabolas are found in the upper half-plane, and for c < 0—in the lower 
half-plane. For c = 0 we obtain the x-axis. 


330. o = V/(1—2)? + (0-1)? +01 —0» = /3. 


331. The point M%= (0,1); o(M*, my = a/ apa 


‘ Gri 
—> oO, 


332. All the points of the set E, = {|x| < 1, |y| < 1} C E are interior. 

333. (a) Yes, E is the interior of the square bounded by the straight lines 
+y =+x+1; (b) no, Fis the interior of a hyperboloid of two sheets. Therefore 
it is impossible to connect two points found in the upper and lower sheets of the 
hyperboloid by a continuous curve belonging to E; (c) no. 

334. (a) 2; (b) does not exist; consider the approaches to the point (0, 0) 
x=y;x#0, y=0. 

335. c = 0. The limit of the function «/1—x?—4y? is equal to zero as the 
point (x, y) tends to the boundary of the ellipse x? + 4y? = 1. 

336. (a) No; (b) the limit of the function in the direction of the vector 

= (@,, @,) is equal to a wt? ; therefore the function will be continuous 

at (0, 0) only in the direction of the vectors w = (1,0) and (0, 1), i-e. in the 
directions of the coordinate axes. Hence, this function is continuous at (0, 0) 
with respect to the variables x and y separately, and is not continuous with 
respect to both of them simultaneously. 

337. Hint. The function u = 1—x*—y? is continuous on the entire plane. 


338. u, = 3x, uy = 2y—2x, du = 3x*dx +2(y—x) dy. 
339. u; = 2xy%, uy, = 3x°y?, du = Ixy? dx-+3x"y? dy. 











340. u; = : ee ees 
SV xttyt 8 a/ xP ty? (xox? +9)’ 
du = 2eee Pee Saat . 
Vxttyt Vxttyt (etx? +7") 
ee 2 Fw _ ~ydx+x dy 
341. (a) uz = x4? uy = hy’ du = eee re ae 


w= yey, maanS, dum (y+) detx(1-) dys 

(Cc) up = yx¥-1, | uy=x¥inx, du = yx¥-1dx+x"In x dy; 

(d) uz cosh (x+y), uy =cosh(x+y), du = (dx+dy) cosh (x+y); 

(e) u; = sinh (x*y+sinh y)-2xy, uy = (x? +cosh y) sinh (xy +sinh y), 
du = [2xy dx +(x?+cosh y) dy] sinh (x?y +sinh y). 

342. (a) A=r; (b)4=4rg-1. 
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: 147 
iss (gy EY Oe ee oe 
Ot 68x Of Oy Ot 2Vx+y 2vxty: t 
= etter) . ou a 1 ett = ett - (b Ou = 
2Ve*F+ine’ Or 2Vx+y 2VetttInt’ ot 


= —y sin (t+1)-+. cos (t—1) = —sin (t—7) sin (¢ +7) + Cos (f 4-7) X 
Xcos (t—1t) = cos 2¢, oe = —y sin (t-+-7)—x cos (t—T) = —cos 2t. 
344. (a) grad u = {2, 1} (Fig. 76); (b) grad u = (4, —6} (Fig. 77). 





Fig. 76. Fig. 77. 


345. (a § M _ (grad u, n) = vee :  (b) ou = (grad u, n) = 24/3-3. 


346. a = {4, —6}. The unit es on this direction ny = 


2 —3 Ou 2 —3 
= epee Pedal yy ee eey pe = 21/13. We may write 
ia Z ony V13 Vi13_ = 


at once that a = |gradu| = 24/13. This is the maximum directional 
0 








derivative. 
347. (a) Let « and B be angles formed by the gradient of the function with 


u;(P) a V3 
lgradu(P)| 2” 
os ES Ns pe BAAD Abe ea ae 
|grad u(P)| 2” Betts. Ss ie ie ae 

y-x? is -1 Y —2x 
348. (a) uy SOR eae ye? “t= “Gtyp yp’ uy = Getty?’ 
au = (Ay —x*) dx? —4x dx dy—dy*|/(x? +y)*. 


the x- and y-axes, respectively, cosa = cos B = 





y —y2 5 x “i -x? 
(b) us = (Qxy ay > Uy = (xy LaF > Up = (2xy + p22 ? 
du = —(ydx—x dy)?/(2xy +y*)*”. 
tu ths Ou eas or Ou _ of 
= ge 7 , Ox Oy 0& dn’ Oy? 07?’ 
au = arf dx? + 2abf. dx dy + bf); dy*; : 


351. @) a2 et 
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(b) Ou of fms os mes Ou _ af oF 
Ox? = pet 8E 8y + SP > Ox dy ~ OF G7?’ 
ou of Co ee 
ay? BE “BE On By?’ 





au = fax | dy)? 4-2 ores (dx? —dy") 4 54 (de — dy). 
OR ya, ee Me 
352. (a) u—-5S = 2(v—1) | 4-2), gre ge ere 
2 i an San ae ae lee 
(b) u—1 = 2@¢—-2)-+2(V 4-1), ee ge et Se 


353. (a) by Taylor’s formula, 
Au = ul +h, 24+k)—ul, 2) = dut5 Qu = 4h—3k4-W-k?+kh 


(the derivatives of order higher than 2 are equal to zero); 
(b) Au = 2h+k 4-h? 4-2hk + Pk. 


354. y tay ty 7, Gx? -y—yy). Remark. It is possible to take advantage of 


one-dimensional Tale s formulas for the functions 


x3 2 
et = l4xt3, tate siny = y—24 


355. | (eoneG40), e=peas-Do-e) 26-499 
Heo 3e OF D43HE-DOLD HOHE 
3! 
app GI Cry ey 





1! 2! 3! 


356. (a) 0 = 1/2; (b) 36°+20 = 2, 0 = (V/7-1)/3. 

357. (2, 0)—a stationary point; 2%, = 2, 7, = 4, zi) = 0; ay, = 2% (2, 0), 
Ayo = Za (2, 0), a2 = Z, (2, 0), @14,.—-a?, = 8 > 0, a,, = 2> 0, hence, 
at the point (2, 0) the function has a minimum, zy, = 0. 

358. Stationary point (2, 0); a,,4..—a?, = —8, no extremum. 

359. Stationary point (0, 0); a,,; = 0, @o. = —4, ayo = 4, @y\Qo2— a2. = 
= —16 < 0, no extremum. 5 % 

360. Stationary points: (0,0), (++/2, #4+/2)3 2/4 = 12x?-4, 2, = 12y?-4, 
z= 4; 2(4V2, FV/2) = 20, 2(+-V/2, £02) = 20, 44 102.—02, = 
= "396 > 0. At the points (4/2, —+/ 3), (-+/2, +/2)—a local minimum. At 
the point (0, 0) a,, = —4, dee = —4, ay. = 4, @y\Ao2—a2, = 0. The question 
on extremum remains undecided. Investigating the increment of the function 
on the straight lines y = 0 and y = x, wemake sure that there is no extremum 
at the point (0, 0). 

361. nin = —4/3 for x =—2/3,-y =—-1/3, z= 1. 

362. (a) The function has no greatest value; sup z = 2. The function is 
discontinuous. 
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(b) Has. The domain of definition |x| < 1, |y| < 1 is closed and the func- 
tion ziscontinuous on that domain, therefore it has the greatest value; (0, +1)— 
a stationary point; z(0, +1) =+1 /2; at the boundary of the square at the 
points x =+1, y = +/3—1 the function reaches its greatest value equal to 


(1 ++/3)/4. 





x? 2 
y , _ 2x , _ 2y 
363. F(x, ») = ay taynl =0, i= G, =F 
dy Fz, Bx d’y b 
dx Fi, ay’? § dx* ays 
364. 6z _ zsinx—cosy Oz _ xsin y—cosz 


Ox  cosx—ysinz’ @y cosx—ysinz’ 
366 = _ dy /D@, ») dv _ _ by / DY, ¥) 
. ~ Ov] Diu, v)’ Ox du/ Dau, v)’ 


ou ~~ 3/55 dv _ oy [pe v) 














Oy —s Ov} Du, v)’—s Oy But] Du, v)’ 








DQ, ~) _!Pu Pe 
where Diu, 0) ~ |e vl 
oz c oz oe _ Oz dv 
367. Ox caer sin v, ran mr cos v. Hint. dx ° Ox 


The derivative ka is found from the first two equations by regarding u, v 


as implicit functions of x and y. 


368. (a) x +6 4/3z-379/3 = 0; (b) = + +20 4 20 = 


369. x+4y+6z = £21. 


370. x+z+a=0, eg 

371. A square (S=xy,2x+2y=/, Lagrange’s function L = 
= xy+A(2x+2y—D). 

372. Method 1. Reduce the equation of the Gee to the canonical form. 


The eigenvalues 4, = 9, A, = 1; 9? +7? = 9, #40 = 1. Hence, the semiaxes 
of the ellipse: a= 1, b= 3; 2a = 2, 2b= 6. 


Method 2. The given ellipse is situated symmetrically about the origin, 
therefore the square of the distance from the origin to the point of the ellipse 
(x, y) equal to x+y? attains the greatest (least) value when the point (x, y) falls 
on the major (minor) axis of the ellipse. Therefore it is necessary to investigate 
the function u = x?+y? for a conditional extremum with the restraint 
5x7 +8xy+5y? = 9. 

373. An equilateral triangle. Hint. S = «/l/—x) (—y) (—2), x+y+z=2, 
x, y, z being the sides of the triangle. We substitute the value /—z = x+y—/ 
into S, and investigate the obtained function for an ordinary extremum. We 
may also investigate the problem by writing Lagrange’s function: 


L(S, A) = StAat+ytz—2)). 
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Chapter 5. 
374, (a) S=1. Hint. ani = aay 
(b) S= 42. Hin, fairer =4 (st4-aaa)> 


(c) S = 1/4. Hint. 


1 1 
n(n+l)(n+2) 24n ~ arial: 
375. Hint. When proving the divergence of the harmonic series by Cauchy’s 
test, consider 





1 1 
DES Ges Sanaa 
: n+1 1 
377. Diverges (Fe ae # 0). 


1 1 1 
ae SS SS SS = 
Vri+2n Vn +2n nvV/3 


378. Diverges 





n 1 1 1 
379. (a) Converges, / EL < 7a 3 (b) converges, Ral < roe 
380. (a) Diverges; (b) and (c) converge. Hint. Apply theorem 1 of Sec. 9.4 
from [1]. 
381. Converges. 382. Conveiges, 383. Converges. 384. Converges. 
385. Diverges. 


386. Converges for ¢ > 1; diverges for 0 < e <i 387. Converges. 
1/n 





1 
3 _ # = 
5 am 3 (b) converges, Uy <= J x3 dx =. 389. Con 


0 
verges conditionally. 390. Converges absolutely. 391. Hint. |a,b,| = 
2 
<2t% 392. @ x>1; @)x=0; @-e<x<0; @-1< 
<x<0, O<x<1. 
393. (a) Converges uniformly to zero; (b) converges uniformly to zero; 
(c) converges uniformly to zero; (d) converges nonuniformly to zero 


max /,(x)= - -»0 
( ge): 


Osr=l 


388. (a) Converges, u,,< 


395. (a) The given series is convergent for —1 < x < 1. The differentiated 


series Y x"-1 converges uniformly on the set [— 6, 6] for any 6 < 1. There- 
1 


°° 


fore termwise differentiation is valid on the indicated set. Let S(x) = Y x"/n, | 
1 


7) 


then S’(x) = Y x"-' = 1/(1—x). Integrating, we obtain 
1 
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S(x) -{5 =-in-0, =-In(l-x) (-1<x <1). 
r 


(b) The given series is uniformly convergent for |x| < <= 6 < 1, which can be 
checked by D’Alembert’s test. Therefore it can be integrated termwise: 


fsoa- [ere Rr ia sea - y wast (xl <5 <1). 
0 n= 1-x 
0 
Differentiating the last equality with respect to x, we get 
1 1—x? 
S(x) = a—x? (xl < D; (c) S(Qx) = sx (lx| < 1). 


396. (a) R = 1,(—1, 1), for x = +1 the series converges; (b) R = 0,x = 0; 
c) R = 1/3, (- 1/3, 1/3), for x = £1/3 the series diverges. 


37 @) 4424 Oe as © e(1-F 4. je 


3 : 3 2 
398. (a) ae erea Thal (-co< x <0); 
en td 
(b) x- +5 .+(-1 eo aya _(-l<x <1) 


Hint, ae the function arc tan x into Taylor’s series in powers of x. 


+ 
399. 32.831. 400. ae ee =| (\x| < 00). Hint. et = eFer#?, 
n=) 





Chapter 6. 
401. (a) y—2xy’= 0; (b+) y»” =0; © yr =y; Gd xtyy’ = 0; 
(©) y’—-y’-2y = 0. 
402. (a) Isoclines are straight lines x = k (straight lines parallel to the y-axis) 
(Fig. 78). The exact solution of the equation is y = e+e. 


(b) 1+ y? = k—isoclines, k = 1. These are straight lines parallel to the 
x-axis (Fig. 79). 





Fig. 78. Fig. 79. 
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(c) isoclines: x = —k (Fig. 80). 

403. y= Cert+le*7, x =-1. 

404. In |x| = C++/y? +1. 

405. 1—e"* = Cet. 

406. y = —2/(1+C exp (—x°)). 
407. y = (x—-2)%. 408. y = 2—cos x. 


409. y = Cx, 3y = xy’ is the differen- 
Fig. 80. tial equation of the family of curves. 


k=0) ‘k=-1 


410. 0.5 kg. Hint. Write the differential equation of our problem. Let y(t) be 
the amount of salt in the tank at time ¢. Let us find out the change in salt con- 
tent during the time 4r (from the instant ¢ to t+ At). Since, by hypothesis, 5 
litres of unsalted water is supplied per minute, during the time 4t, 5 At litres 
of water will be supplied. This quantity of water will contain 5 4t-0 = 0 kg of 


salt. One litre of the solution contains —— x () 00 KS of salt, hence, the salt content in 


the flowing out mixture will amount sopcouinalely (with an accuracy up to an 
infinitesimal of higher order than 41) to 


YO, 


Thus, the solution, inflowing during the time 4t, contains 0 kg of salt, while the 
solution, flowing out of the tank during the same time, contains 0.05 At y(t) kg 
of salt. The increment of the amount of salt during this time 


ywt+At)—y(t) ~ 0-00.05 At y(t). 


Dividing by At and passing to the limit as At - 0, we obtain the differential 
equation 


y(t) = —0.05 y(r). 


The general solution of this equation has the form y = C exp (—0.05z). 
By hypothesis, y(0) = 10 kg, hence, C = 10. Int = 1 hour = 60 min we obtain 
(when deriving the equation, we supposed the change in time to be in minutes) 


y(60) = 10 exp(—3) + 1/2kg.  _ 


411. t) = 40 min. Hint. If 6(¢) is the temperature of the body at time ¢, then 
the differential equation of the problem will be written as 


do 
Sr =~ HO) 20). 


The general solution of this equation 0(t) = 20+C exp (—kt). The constant C 
and the proportionality factor k are found from the conditions: 6(0) = 100, 
6(10) = 60, C = 80, Ak = 0.1 In 2. 

Further, (to) = 25, i.e. 25 = 20+80 exp (—0.1% In 2). 

412.x°+CQ4+x)=0; x=0, 413.» =0; xQ-x) = 

414. y = C exp ()/x). 

415. The general solution: x3(y+C) = Cy. 
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3 
416. x = Cexp ( ae 2—y ). 


417. The equation is reduced to the form 
ee yw 
y= x(cos* +3), 


ie. & = 2, f(t) = cos?++2r. The solution is carried out by the substitution 
y = tx, We may also take advantage of the formula derived in [3], Sec. 1.3, (7): 


= C exp Uf ats: | = Cexp [f al = C exp (tan f) 
= C exp (tan 2). 


418. Hint. Set up the differential equation of the problem (see Fig. 81). 
Let M = (x, y) be the point of tangency; MN tangent line; ON 1 MN; by 
hypothesis, ON = OP = |x|. If 


Y= y= y(X-x) 
is the equation of the tangent, then 
|-y+y’x] 
Vity? 


is the distance of the point (0, 0) from the 
straight line MN. Thus, 


|xy’—y] 
|x| = een 
Vi+y? 
(x?—y*) dx +2xy dy = 0. 


This is a homogeneous equation. Its general solution: Cx = y?+.°?. 
419. The equation is reduced to the form 


ON = 





whence 


, 1 1. 
y= 5z G-xy yx") = sa SOY), 


ic.a =—1, f(t) = 4-t~-F. The genera! solution: 
eae ae 
“xy Cxb—x * 


420. (a) The equation is reduced to the form 
Ps 71 2.2 
Y= 32 (2+x'y’), 


ie. a =—1, f(t) =—--- p40, The equation can be solved by the substitu- 
tion xy = ¢t or by the senadle (7) of Sec. 1.3, [3]: 


scala) + off 
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(put CC = 1) 
op PORN Mg 2 odd ode (c+ =-2) 
a= x(Cx"8—1) x * x(Cx¥8-1) — x * C#xPB +X CL 


(b) Substitution: yx-* = ¢. 
421. y = Ce~*%+2x-1. 422. y= Cx?+x4. 423. y= eXin|x|4+C). 
424, y = oy, 425. y =x(C+sin x). 


426. x = sin y(C—cos y). The equation is linear with respect to the function 
x = x(y): 
ox = sin? y+x cot y 
dy . 

427. y = 0; »? = —1/[3 cos? x(C+tan x)]. 428. y? = Cx?—-2y. 429. y = 0; 
y=x!In?|Cx|. 430. »y = 0; y = 1/(x?+Cx). 

431. (a) Yes. All distance axioms are readily checked. 

(b) Yes. The first and second axioms are obvious. Check the triangle in- 
equality: o(x, y) < o(x, z)+e(z, y). 

Ifx = y = z,then0 <0+0;ifx =y,z # x, thn0<1+41 = 2;ifx # y, 
x=z,then1<04+1=1;ifx #~y,x #z,y ¥ z, then 1 <1+1 = 2. 

432. Yes. The first axiom: if f(x) = g(x), then e(f, g) = 0. Conversely, let 
o(f, g) = 0. Then 


b 
| f@)-e@rax = 0. 


Since [/(x)—g(x)]? is a nonnegative continuous function on [a, 5], we have 
[/(x) -—2(x) FP = 0, ie. f(x) = g(x) (see Sec. 6.2, theorem 8, [1]). The second 
axiom: 0(f, g) = o(g, f) is obvious. The third axiom: we have 


b 
i} Lf (x) + Ag(x)P dx = 0 
for VA, i.e. a quadratic trinomial with respect to 2 
b tJ b 
J F*C) dx-+2A J f(x) g(x) dx 42? y ex) dx = 0. 
This is possible if the discriminant of the equation is nonpositive: 


(jr (x) g(x) as) - f L(x) dx f g(x) dx = 0, 


whence 
2 


8 V2 7b 
< (J I(x) | (i (x) | 





b 
J F(x) g(x) dx 
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(Buniakowski’s inequality for integrals, see also [3], Sec. 4.8). Further, applying 
Buniakowski’s inequalty, we have 


f [/@) + 8@)Idx 


b b 
< [ /G) +e) f@)1de+ | IF) +e)I-leG)| dx 


6 1/2 b ye 786 Vy 
< ( | Y@+eoor | ( fre | a J gx) as | 


2 


b yz b 2 b aye 
( [f@) +g) | < [fr | + (J £°(x) | 


(Minkowski’s inequality for integrals). Now, by Minkowski’s inequality, we 
obtain 


or 


b 1/2 
of, 8) = ( J Lf) 20 | 


b V2 
= f €/@-9001+e@)-a@nr} | 


b 1/2 b 1/2 ; 
< f [/@)- oF | a J te@-ewr | = of. —)+ +00. 8) 
for any function g(x) continuous on [a, 5]. 


1j/n ye 1 
wea 
433. a < 1/2. Hint. of, 0) = ( f ne | =n 4 


0 


434. No. The fundamental sequence {3-1 converges to the number 3 
which does not belong to M. 

435. (a) Yes. oF), FO) = |F(x)— F(y)| = |x?—y? | = lx-yl lx t-yl 

<= |x-yl(lxi+ly) = 3 |x—y| = ag(x, y), where a = 2/3 < 1. 

(b) No. Ifx = 1,y = an then |F(@)-—FQ)|=1=1 |x— ee D 

436. x9 = 1/2, x, = F(x) = 1/27, x, = 1/24, X, = 1/22" 

437. (a) X = 2/1 +5 5). Yes, since 

1 4 


F’ = max —~-—{=— <1. 
wee @)I y2<2<1(1 +x)? 9 ~ 


(b) The axis x, = 0; (c) the straight lines x, = 0 and x? = 1. 
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438. (a) 6 < 1/36. Hint. According to the existence theorem, 
6 < min {a, 1/N, b/M}, 
where 


of 
oy 
In this case M = 36, N = 24. The solution of this problem has the form y = 
= 2/(3—2x*). Thus, as x > +/3/2 the solution y(x) + oo. Hence, in fact the 
solution exists in the interval (0, +/3/2), which exceeds the interval (1—6, 
1+6) (6 < 1/36). 

Note that within the entire interval (0, 2) = (1—a, 1+.) the solution of this 
problem (with the indicated initial conditions!) does not exist. 


~ b 1 1 
(b) 6< a=~/2/4. In the present case a= =H =m Thus, the 


solution exists in a minimum possible interval [— 6, 6] (6 < a), i.e. the existence 
theorem yields a nonimprovable result in terms of the size of an interval, where 
the solution for the given right-hand side of f(x, y). 


439. y(1) + 1.248. Hint. When equations are solved approximately, it is 
always recommended to determine the interval (x)—6, x9 +4), where the solu- 
tion y(x) exists. The number 6 is found from the existence theorem. If the point 
at which we are interested in the value of the solution belongs to the indicated 
interval, then we may apply Euler’s method. This problem illustrates the appli- 
cation of this method. The equation can be solved. Its solution satisfying the 
initial condition, has the form y = exp (x?/4), i.e. the solution exists throughout 
the real axis and, therefore, we may apply Euler’s method without any limita- 
tions. By Euler’s method, 


N= sup 
D 








» M= max | f(x, y)|. 


9 
yO) © Yoth Dy SI ks Ys) 


where x9=0, x, =0.1,...,%) = 0.9, xy = 13 o= il, Yot 
thf (Xo, Yo), -- +9 Yo = Ya +hS Xe Ye)s Vio = Yor hf xs, ah Hence, yd) = % Yio. 
All these computations can be tabulated: 


= 


| Ve | Wf (Xs Ye) 





0 0 1 0 
1 0.1 I 0.005 
2 0.2 1.005 0.010 
3 0.3 1.015 0.015 
4 0.4 1.030 0.021 
5 0.5 1.051 0.026 
6 0.6 1.077 0.032 
7 0.7 1.109 0.039 
8 0.8 1.148 0.046 
9 0.9 1.194 0.054 
10 1 1.248 = 
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The true value of the solution y(1) = exp (1/4) + 1.284, i.e. we have obtained 
an approximate value of the solution with the correct first decimal digit. 

440. y(2) ~ 4.781 (the exact value of y(2) = 3(e—1)). Hint. The solution of 
the equation exists throughout the number axis. The general solution of the 
equation: y = Ce*—x—1. 

441. (a) y = C exp (+x) (Fig. 82). No singular solutions. 

(b) p(x +C) = 1, y = 0 (Fig. 83). No singular solutions. 

() %+C)*+y? = 1, y =+1 are singular solutions (Fig. 84). At each of 
their points the integral curves y = +1 are touched by one more integral curve 
(by a circle). \ 





Fig. 84. Fig. 85. 


(d) y [L+@—C)?] = 1; y = 0; y = 1 is a singular solution (Fig. 85). Note 
that y = Ois not a singular solution. This integral curve is not touched by other 
integral curves. 

(e) x?+C? = 2Cy—parabolas; y = +.x—-singular solutions (Fig. 86). 

(f) (Cx +1)? = 1—y? ellipses; y = +1—-singular solutions (Fig. 87). 


Hint. Singular solutions can be sought for in different ways. For instance, in 
(e), solving the equation with respect to y, we obtain the homogeneous equation 


11 
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y » _ytV¥—x 
x 


y (x ¥ 0). If the partial 


derivative with respect to y of the 
right-hand member of the last equation 
becomes infinite along a smooth curve, 
then this curve can be a singular solu- 
tion. In the present case 





for y =+x. By checking, we make sure that y = +x are solutions of our 
equation. It can be readily ascertained that these straight lines are touched at 
every point by one more integral curve of the family x?+C? = 2Cy. Hence, 
y = x are singular solutions. 

The same solutions can be found from the system 


x*+C*—2Cy = 0, ! (x? +C?—2Cy) = 0, 


y=tx. 


: G2 4+-C8-2Cy) = 0, C-y=0. 


The further investigation is carried out as above. 
442. (a) The given equation does not contain the variable y explicitly. Intro- 


ducing the parameter: » =p, x = p+p, dy = pdx = p(3p?+1)dp; we 


have ; 


3 4 Ph 
| yo gets te 
which is the parametric representation of the solution. 
(b) The given equation does not contain the variable x explicitly. Introducing 
the parameter ~ =p, y = p*+2p', dx = 2. = (2+6p) dp, we obtain the 


solution 
Pas | x = 2p4+3p?+C, 


y = P+ 2p’, 
represented parametrically; y = 0 is also a solution of the equation. 
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(c) The given equation does not contain y either. The parameter p can be 


introduced by the formula 2 =p. Then x=pv/1+p’, dy = pdx = 


— 2 ink 
= o(v 1+p?+ a) dp, 3y = (2p?-1)+/1+p?+C. Here the parameter 





dy _ 
dx 


a + sinh 2p, dy = sinh p-dx = sinh p-cosh 2p dp = (2 cosh? p— 1)dcosh p, 


can also be introduced by the formula sinh p, x = sinh p+/1-+sinh? p = 


y= 4 cosh? p—cosh p+C. 


_— 


eer ee x = -> sinh 2p, 


: or 
3y = (PPI) VI+P+C y= $ cosh? p—cosh p+c 


—parametric representation of the solution. 
444. y= xC-4 C? is the general solution; a singular solution is found 
from the system 


yoxC +4 Ct = 0, y-xC+ C8 = 0, 
] ae ie Cc _ 
fal yoxC+ 5c] = 0, Xtay = 0, 


C=2x, yp=x? 


We make sure by a check that y = x” is the solution of Clairaut’s equatioa, 
hence, this is a singular solution (Fig. 88). As is seen from the figure, the parn- 


bola y = x" is an envelope for the family of straight lines y = xC— 7 Cc. 


445. y = Cx+4/1+C? is the general solution. For x = 0, y = 1/1 +C? = 1. 
Singular solution: x? +y? = 1. Bearing in mind that the straight lines y = Cx + 
+4/1+C? intersect the y-axis at points with ordinate = 1, we conclude that the 
upper half of the circle is a singular solution (Fig. 89). This is 4n envelope of a 
family of straight lines. 





Fig. 88. 
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446. (a) y =—cosx+C\x+C2; (b) y= eC" +Cgx +C3. 


447. The given equation does not contain the desired function y in the explic- 
it form. Reduction of the order is obtained by introducing a new function: 
2(x) = y’. We have 2’(x) = yp”; x?2z’ = 2”. Thus, we have obtained an equation 
of the first order with variables separable. It is obvious that z(x) = 0 is the 
solution of the equation, then y’(x) = 0, (x) = Cis the solution of the original 


equation. 
Let z ~ 0; then, separating the variables, we obtain 
dz ax 1 1 dx 1 
?-y (x # 0), a a eee 
x dx 


Ctl me -a In |Cyx+1]/4+C, (C, # 0). 


2 
If C, = 0, then z= x, y’ = x, ya 540. 


448. 2y = (14+2C,)x?+C, cos 2x +Cyx+C 3. Hint. z(x) = y’’(x). 

449, y = —(X+C)) In |CL064+-C)|+x+C 33 y = Cyx+Cy. 

450. The given equation can be solved by the substitution y’(x) = z(x). But 
it is easily seen that 2yy’ = (y?)’, therefore the equation can be written in the 


form 
OY = 0%, 
whence 
dy 
’ = 2 = rere 
y vet+p, x J 4p 
Considering the cases p = 0, p < 0, p > 0, we obtain: 
ten a 


(p = —C)); 








x= S 403 2¢4x +Cy = in [26 


y=C, ee C.) (p= C)). 
451. y In |Cyx| = 1; y = C, tan (C, In |C.x|); Cox = | 


Hint. Reduce the equation to the form (xy’)’ = (y”)’. 
452. y? = (C, +x)? +C,. Hint. yy” +y = (yy’y. 
453. The given equation does not contain the argument «x in the explicit form. 
The order is reduced by introducing a new function: z(y) = y’(x). Hence, 
V(X) = AO) Ye = 2452. 
The equation takes the form 


y—C, Neen 


yr, 








Byles! z+, 





dy 
This is a homogeneous equation. Solving it, we obtain (y 4 0): 
z= ++/y? +Cyy. 
Further, 
dy dy 
=ivy¥tCy, 5 = tds, 
dx V¥+Cy 


! C. =—,! 
+x+C, = In pry +V/Cyt+y 
a 
The function y(x) = 0 is also a solution. 
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454. y In| yl|+x+Cyy+C, = 0; y = C. Hint. y'(x) = 2(x). 
1 y 

455. x = C, In ya, 
z(y) = yz, we obtain a linear equation with respect to z(y). 

456. The given equation contains x and y. But it is a homogeneous second- 
degree equation with respect to y, y’, y’’. The order is reduced by introducing 
a new function z(x) by the formula »’ = yz (y # 0). In this case y”’ =y(z?+ 2’) 
and the equation takes the form xz’ = z. Solving this equation, we obtain z = 
ss Cyv. Substituting y’/y for z, we obtain a first-order differential equation: 
y’ = Cyvy. Integrating, we get y = C's exp (C',.x?/2). This solution incorporates 
the solution y = 0. 

457. y = Cox exp(—C,/x). Hint. y’ = yz(x). 458. y = Cye-*4+Coe™. 
459. y = C, +Cre* + Cye*. 

460. The characteristic equation has the form: k4—1 = 0. Its roots can be 
found by taking the fourth root of unity. But we can also factorize the left-hand 
member: (k?—1)(k?+1) = 0, whence kj =—1, kg = 1, kg =-i, kg =i. 
Therefore the general solution of the original equation will be 


y = Cye-*+ Coe? +Cyz cos x +C, sin x. 





+es y = C. Hint. On introducing a new function 


461. The roots of the characteristic equation: k, = 1, k, = k3 = 2; 
y = Cye*+e?(C.+Cox). 


462. (a) The characteristic equation k4+2k?+1 = 0 is readily reduced to the 
form (k?+1)? = 0. Hence, it has the roots k, = k, = i, kj = ky =—i. The 
general solution can be written as 


y = e(Cy+C2x) +e7**(C3+C,x). 
Taking advantage of Euler’s formulas, we have 
y = (Cyx+C,) cos x +(Cgx+C,) sin x. 


(b) y = Cye7+Cye—™. 

464. The general solution of a homogeneous equation is already known to us 
(see Problem 461). It remains to find the particular solution of the nonhomo- 
geneous equation. 

(a) The right-hand side of f(x) = 2e** has a special form (see [3], Sec. 1.16), 
where ko = 3 is not a root of the characteristic equation, therefore the partial 
solution 

¥ = Ae*, 
where 


ee soe = £2 4.5k2 48k — 
A= Ram h Rik) = +54 8k, 


Hence, the general solution of the nonhomogeneous equation has the form 
y = Cye? +e*(C, +Cgx) +e™. 

(b) kg = 1 is a simple root of the characteristic equation, therefore the partial 

solution should be sought for in the form y = Axe*. Determining the derivatives 


of ¥ and substituting them into the equation, we find that A = 4. In general, 
we can prove that 
A = af Riko), 


if f(x), = a exp (kox) and ky is a simple root of the characteristic equation. The 
general solution of the nonhomogeneous equation will be written as 


y = Cie? +e*(Co+Cgx) + 4xe7; 
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(c) ky = 2 is the root of multiplicity 2 of the characteristic equation. There- 
fore we seek for a partial solution in the form y¥ = Ax*e"“. Determining the 
required derivatives of ¥ and substituting them into the original equation, we 
find A = 3/2. In general, it is possible to prove that if f(x) = ae“ and ky is the 
root of multiplicity 2 of the characteristic equation, then 


Bae 
Ryko) © 


In this case RZ(k) = 6k--10, a = 3. Thus, 


A 


y = Cye™+e7*(Co-+Cgx) + >. xe", 


465. See Problem 462. (a) y = = e*. (b) Pass to the functions e* * according 


to Euler’s formulas; ky = +i are the roots of multiplicity 2 of the characteristic 
equation. ¥ = -+ xsinx; () y= -= (cosx+sinx); (d) Y= $ sin 2x. 


cosx sinx 


466. y = Cye*+Cye—*— 107 Ss? 467. (a) Y= Ae; (b) Y= 


= (Ax?+Bxje*; (cC) Y= Acosx+Bsinx; (d) ¥ = (Ayx+Aox?+Agx3+ 
+ Agxt+ Asx e*; (©) ¥ = Ayx+Aox?+A5x°. Here the right-hand side 
P(xde**, ky = 0 is the root of the characteristic equation. (f) » = 
= e7[(A,+A_x) sin x +(A3+A4x) Cos x]. 

468. (a) Linearly dependent: «-1+fsin?x+ycos2x =0 for «=-—1, 
B = 2, y= 1; (b) linearly dependent; (c) linearly independent, since their 
Wronskian is not equal to zero; (b) linearly independent (W[x?, x?, x4] = 
= 2x* ~ 0,x # 0). 


469. (a) y = C\x?+C,.x°. Hint. Seek for the partial solutions in the form 
y = x*, The functions x? and x’ are partial linearly independent solutions of the 
equation, therefore their linear combination yields the general solution of the 
equation; (b) y = C,x +C.x°; (c) we seek for the solutions in the form y = x*; 
the characteristic equation k?—4k+4 = (k—2)? = 0 has a repeated root 
k, = kz = 2; y = x? is a particular solution of the equation. We seek for 
another solution in the form y = Ax? In x. It is easy to make sure that for any A 
this is a solution of Euler’s equation. Hence, the general solution is y = 
= (C,+C_,1n x)x?; (d) the equation turns into Euler’s equation after multiplica- 
tion of both sides of the equation by x; y = C,+C.2x?+Cz In x. 

471. y = &"!(C, cos x +C; sin x). 





ce Crt 
3’ x 99° 
473. The right-hand sides of the equations have no special form 


(P(x) Cos Bx +Om(x) sin Bx). 


Therefore the partial solution of the nonhomogeneous equation should be 
found by the method of variation of arbitrary constants. 
(a) The general solution of the homogeneous equation has the form 


C. 
472. (a) y = C++ (b) y = Cyx4+ 


y = C cos x+Ce sin x. 


Regarding C(x), C.(x) as functions of x, let us find them so that the function 
V(x) = C(x) cos x + C(x) sin x be a partial solution of the nonhomogeneous 


equation. For this purpose, we have to solve the system (see [3], Sec. 1.17) 
Ci(x) cos x +Cx(x) sin x = 0. 


—Cy(x) sin x + C3(x) cos x = 





sin x ° 
The determinant of this system is the Wronskian W{cos x, sinx] = 1 # 0. 
Solving the system, we find 
Cy) =-1, Coy) = cot. 
Integrating, we obtain 


dsinx 
Cc. =- C. = | cot x dx = —— = In|sin x]. 
1x) x, 2x) x dx sine |sin x | 
Hence, 
y =—x cos x+sin x In [sin x], 


and the general solution of the nonhomogeneous equation will be written as 
y = C, cosx+Cy, sin x—x cos x +sin x In |sin x|. 
We find now the constants C, and C, from the initial conditions: 
y(n/2) =C,=1, y(n/2) =—-C,4n/2=0, Cy = 2/2. 
Thus, the solution of Cauchy’s problem will be: 


M4 . : . 
y= z cos x +sin x—x cos x +sin x In |sin x|. 


(b) y = C, cos 2x +C, sin 2x —x cos 2x- > sin 2x +sin 2x In |cos x|. 


(c) y = C,+C, cos x +C3 sin x +I1n | tan (+3) | 





—x cos x +sin x In |cos x|. 
(d) y = (Cy +Cex)e7? +(—x +x In |x Je“? = (a+ bx)e-* +xe-? In |x|. 


2 8 8 
= 2x — 8x 2 a1 3 
474. (a) y =Cye*+Cre tae tox 7° 
Cr 5, x? 2 2 
RST tg Oo ge ga? 
Hint. Differentiating the first equation, we obtain 
P+y+4z = 4. (1) 


From the first equation we find the function z = x -4 yr 7 y. The derivative 


2 is found from the second equation 


Z=72-ytxr= ee ee 
4 2 


Substituting this value of z into (1), we obtain a linear non-homogeneous differ- 
ential equation of the second order with constant coefficients with respect to 
the function y(x): 


¥+I—Oy = 41 —-x—2"). 
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(b) The given system can be solved in the same manner as system (a). But we 
may also apply the theory set forth in Sec. 1.22 of [3]. Let us reduce the system to 


the form 
d 
(otzepoE=e 


d 
v4 (org, eH 0. 


This is a homogeneous system, therefore it is reduced to one and the same equa- 
tion with respect to either y or z. We then write the determinant of the system: 
0 4 A d 
D(A = 22 y ieeeeenils 
PE: O+A | oA ( dx ) 


The required equation with respect to the function y has the form: D(#) y=0 





or +y = 0. The general solution of this equation 
y = C,cosx+Cy, sin x. 
The function z is found from the first equation: 


da: ; 
= ae = —C, sin x +C, cos x. 


Since the function z satisfies the same differential equation as the function y, 
we could write at once that 
z= acosx+bsinx 


and then would choose the numbers a and b so that the functions y and z satisfy 
our system (i.e. we substitute the functions y and z into the system and express 
the constants a and b in terms of C, and-C,, or vice versa). 





a ee 
(©) D@ay=|-1 2-1) =@-2 (+02. 
Steir: 


The differential equation with respect, say, to the function x(t) has the form 


(£3) fon 


and its characteristic equation will be: 
(kK-2)(K+12? =0, ky=k,=-1, kz =2. 
The general solution of the differential equation: 
x(t) = (Cy +Cyt)e* + Ce”. 
The functions y(t) and z(t) are expressed in a similar way: 
y(t) = (a+ bt)e“*+de#, = z(t) = («+ Bre + ye. 


Substituting these functions into the system, we find that b = B = C, = 0, 
d= y= C3, a+ =—C)\, where a may be regarded as arbitrary, then « = 
=—C\,—a. Thus, 


x(t) = Cye*+Cge*, y(t) = ae + Cye™, 
21) = —(Citaje'+Cee*; 


a 
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(d) The given system is nonhomogencous, therefore either of the functions y 
and z will have its own equation: 


d 
D(z) = P09, 
where 


d d 
@,(x) ~ Mil, AG) Ma( 2 ~) fi ne Muse) + +Ma(5- Jes 
M.(;-) is the cofactor of the element 5, of the determinant 


D(A) = | h a ait (A= £), 
ie. 


M,,(A) =A, M2,(A) = 1, Mid) =-l, M.,(A) =A, 
Thus, 


@(x) = ae *I41-x =x. 


Finally, we obtain the following differential equation with respect to the func- 
tion y(x): ¥+y = x (the function z satisfies the equation 7+2z = 0). Solving 
these equations, we get 


y=Cy,cosx+C,sinx+x, z= C,cosx—C, sinx. 
475. (a) Solution. Method 1. Let us write the characteristic equation 
| 2-aA 1 
3. 4-A 
Its roots are: A, = 1, A, = 5. Let us find the eigenvectors a! = (a{, «$?) and 
a? = («@), a), corresponding to the eigenvalues A, = 1 and A, = 5: 
(2-1eP +o = 0, aM +09 +40, a = —aP, 
where «$Y is an arbitrary number. To make the notation simpler, let us set 
af = —], thenaf = 1. And so a! = (1, —1). Analogously, form the equation 
(2-5) +-0§ = 0 
we find a? = (1, 3). The solutions of the system will be written in the following 
Zs Yt) = {e', -e}, YX) = {e%, 3e%}. 
The general solution: 
YQ) = CyV¥() + CY) = {Cye' + Cre, —Cye'+ 3C ze}. 
In the expanded form: 
vit) = Cre’ + Cre, yalt) = —Cye' + 3C ge. 
Method 2. On having found the roots of the characteristic equation 4, = 1, 
A, = 5, we can write at once the form of the general solution: 
bs vit) = Cye' + Cre"; volt) = ae' + be™. 


Substituting these function’ into our system, we find a and b expressed in terms 
of C, and C4. Here we escape the process of finding the eigenvectors e' and a’, 


= P-614+5 =0 
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(b) x(t) = Cye' + Cre, yt) = Wye — 2C ye. 
(C) y = e~({C, cos x +C, sin x), 


= — e73{(C,—2C)) cos x —(Cy+2C,) sin x}. 
(d) D(A) = —#B+1=0; 4,=1, A, = 51 +ir/3}, tg=— ra —i4/3)- 


—the roots of the characteristic equation: 


x= Cye+ en(c, cos (2 ‘ +C; sin (“3 i)). 


(CeVB=€+ cog (V3 1) —S2V54E> sin (¥3,), 


z= Cet ree(=aVE-G cos ( ‘) + eves ~Cs sin (¥3))). 


476. The solution of the homogeneous system is already known to us (see 
Problem 123 (b)): 


x = Cye*+Cre*,  y = 2Cye™*—2Cre*. 
(a) Regarding C,(t), C.(f) as functions of t, let us choose them so that the 


functions 
¥ = Ci(thet+C.(te*, y = 2C,(the'— 2C2(te™ 


would be the solutions of the nonhomogeneous system (Lagrange’s method of 
variation of constants). Differentiating these functions and substituting them 
into the system, we obtain 


CiHe*+CxHe* = 1, 
2+t 2-1 


WCy(Ne"—2C(e* = 14, CU = =e, CX) =~ e™. 


y = Cye'+e7#? 


Integrating, we get 


CWO =F, Cl) = E(-543Ne% 


feel Pole 
gg? 9, hat 
The general solution of the nonhomogeneous system has the form: 
; : 


x = Cye!+Cye* + — 


Let, y= WC 2Ce +245 


3 . 
(b) C1) = He (de tem, C.(t) = ~ Tere; 


B= LUA! F = eb 4 4 4n)e 


1-4 


x= Cre! + Cre™ + Se- e 


; y = 2Cye™—2C ye" +e! + ae +dpe, 
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2 
477. y= 2ta F423 sty xi... . Hint. Seck for the solution in 
the form of the series 


Y= Aot+ayx+anx?+ ..., 
where, by virtue of the initial conditions, a, = 2, a, = 1. 


Paes ae) tn 
479. vy =: 24x—-N°- 5 45+ 
xPo Fact 
40. y St Ete 


481. (a) The Lyapunov function can be taken in the form v = x74"; 
dv ov dx Ov dy 
dt 8x dt Oy dt 

The stationary point is stable. 


(b) The Lyapunov function in the form of a quadratic positive definite form 
does not suit this problem. Let us find it in the form 


vy = x%+y8 
with even « and 8. We find the total derivative of v (along the solution x, y) 
: “ = ext H(2y3— x8) + By —x —y9 +y%). 


In order that this function be <0 in the neighbourhood of the origin, it is 
necessary that the terms of the form x*~!y3 and y4-1x beabsent. Thus, it must 
be « = 2, 8 = 4. In this case 


—2x4—2y! <0. 


& _ 258 4y8 4 4y® = — 2x84 2y(1-y9] <0 


in a sufficiently small neighbourhood of the origin. Besides, vy = x?+y! = 0 
in the neighbourhood of the origin and v = 0 only for x = y = 0. Therefore, by 
Lyapunov’s theorem, the solution x(t) = y(t) = 0 is stable. 

(©) For the function v = x?+y? 


a = 2x (x3—y)+2y (x +y’) = 2x442y! > 0 


outside the origin. Hence, by Cetaev’s theorem, the zero solution is unstable. 
482. (a) A= ae a) 411922—a?, = 1>0; the system is elliptic; 
4,, < 0, a2 < 0; the stationary point is a stable node. 


(b) A= (2 ee) 4y,22—a?, = 0, the system is parabolic; Ay = a,,+ 
+g = 5 > 0; the stationary point is unstable. 
© A= G 3): 441499 — G2 =—1 <0, the system is hyperbolic; the 


stationary point is unstable. 
483. (a) The characteristic equation 
3-A 0 
2 1-A 
has two positive roots 4, = 1, A, = 3, therefore the stationary point is an un- 
stable node. 


= 3-A(-A =0 








oe 
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(b) The characteristic equation 
1-4 | 
-6 —S5-A 
has the roots A, = —2—3i, A, = —2+3i. The real part of these roots is nega- 


tive, therefore the zero solution is a stable focus. 
(c) The characteristic equation : 


= 2444413 =0 5, 





1--A j _ 
| i oe ~B-1=0 
has two roots A, = —1, 42 = 1 of opposite signs, hence, the stationary point is 
a saddle. 
(d) The characteristic equation 
-—2-A 
= 22 — 
| 2- ,| #4+6=0 


has the complex roots A, =—i+/6, 4, = 14/6 with the real part p = 0, 
therefore the stationary point is the centre. 

(e) The characteristic equation 
1-a 
Oo 1-a s 
has a positive multiple root 2, = 4, = 1, hence, the stationary point is an un- 
stable node. 


= (1-4)? =0 





Chapter 7. 
484, — oo < x <; F(x) is continuous and differentiable 


F(x) = + (sin 22x —sin 2x). 


1 b ; : ; ; 
SAGE BH +3R arc tan — at Hint. Differentiate the equality with 
respect to the parameter a. 


a2 


486. (a) F’(x) = 2x exp (—x*)—exp (-x9)- | y® exp (—xy’) dy; 


() FPG) = Sind +29; © FQ) =—fle, -2)42 [Kw day, 


where u = y+x, v = y—x. Hint. First make the substitution z = y— x in the 
integral. 
487. (a) —1/10; (b) 1/2. 488. In (25/24). 489. 50.4. 490. 12/5. 





r V acta 2-2 
491. [= f dx i} fx, )dy+ f dx f f(x, y)dy (Fig. 90). 
-1 ~/aeya ~ Varta 
1 ay 


"492. T= fo J fe Het dy [ reas (Fig. 91). 


C) 9/2 1 u/2 


____Amswers _ 1B 





493. J = fe fre y) dee anf ris yydx (Fig. 92). 
1 y 


1/2 Vy 
1 VW 
494, [= | iy J f(x, ydx (Fig. 93). 
os 
foals Vs: ieee 


495. 1 = | dx | Sx, yydy+ ) ree | fx, ydy (Fig. 94). 
0 0 1 0 
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1 2-y 1 Vo 
= mais = tdy a= 1 
496. I= [ dy { x+y’) dx = 6° 497. r= [ayf xy dx = 5: 
0 0 


- y 
498. 5 abe (a+b+c). 499. 1/48. 500. 16. 
V2 Viet >/ 3082? yt 


501. (a) fa J dy J (x, y, 2) dz; 





(b) f dx i} dy f fx, y, 2) dz. 


-irva = 3 pz_ a2 R- V/R?—a?—y? 


503. I = 4 mabe. Hint. Since the integrand is even with respect to all the 


variables, the given integral is equal to eight integrals over the part of ellipsoid 
found in the first octant. We make the substitution: 


x = arcos tcost, 


y = brcostsint, (o<r<1, O<r<s, O<r<5).. 











z=crsint 
The Jacobian of this transformation 
D(x, y, Z) is 
- — | = abcr* cost 
D(r, t, t) : 
1 n/2 n/2 


therefore J = 8abc i) r dr dt f cos tf dt. 
0 0 0 


504. 1a*/6. 


505. 2xab/3. Hint. Take into consideration the evenness of the integrand and 
introduce the generalized polar coordinates 


x=arcost, y=brsinte O<r<1, O<+r<x/2). 


_ Dx, y) _ 
The Jacobian DG.t) abr. 
506. xR’. 


_ 507. 8a?/9, Hint. The domain of integration is half of the cylinder of altitude 
a whose base is a semicircle (x — 1)?-+y? <1 (y > 0). The equation of the semi- 
circle (x—1)?+,y? = 1 (y > 0) in polar coordinates has the form @ = 2cos¢p 
(0 = p < 2/2) (Fig. 95). Therefore 


n/2 2 cos p a 


: =f dp J ede | z dz. 
0 0 0 
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508. 47R°/15. Hint. Pass to polar coordinates. 


509. S215 (Fig. 96). S10. V =-. (Fig. 97). 


3 
511. V = 5 (Fig. 98). 


§12. V= 3 na, Hint. To compute the corresponding integral, it is suitable 


to introduce polar coordinates (Fig. 99). The equation of the semicircle 
(x—a)?+y? = a (y > 0) in polar coordinates will be: 
e@=2acosp (O<9 =2/2), 
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513. |S| = Ea dy 


“Ih a/1+( 14(= +(£)+(S) dx dy = 4 VaR TALE, 


where D is a triangle 
O=x=<a 
bp. 
Osy= (a—-x) > 


514. |.S| = 8a arc sin (b/a). Hint. By virtue of symmetry, the sought-for 
area is equal to the sum of eight areas cut on the spherical surface and found in 
the first octant. 

a : Vara 


lied | Eres: dxay = 8a [ dx | eu aes 
Ve-xe-y J Ve—xt—y 


= so arc sin z dx = 8a?’ arc sin (b/a) 
a 
0 


where D is part of an ellipse 
D= {a+ <1, x>0, y> oh. 
515. Let (x,, y,) be the centre of gravity. By virtue of symmetry, it is clear 


that x, = 0. The area D of half of the ellipse equal to 2ab/2 is numerically equal 
to the mass of the figure, therefore 


oan 
4b 
Ve= sap | 7A ag | HE i} ydy=a- 
-a 0 


516. (a) + nab. Hint. Take advantage of the second Guldin’s 


theorem and Problem 515.  (b) + nabe. Hint. v= {ff dx dy dz = 
” 


2 
= 2c J | = ye dy dy, where S is an ae a t% iz < <1; then sec 


Problem 505. 
517. x, = y= 0,2, = 4 a. Hint. See Problem 506. Introducing the 
spherical coordinates 
x = Prcos pcos 9, 
y=rcospsing, (o<r<a, O<p<st, O< p<2a), 


z=rsiny 
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we obtain 
2n nl2 a 5 n/2 
2 , : : “ 
z= a J [ r#c0s sin wp dp dep dr= Saf sin p d sin y. 

0 o 0 0 

518. x, = 0, y, = 8/5. Hint. The area of the sea [S| = 32/3; 
2 
3 
ye = aa [free x Say [ae 4 y dy. 

519. 7 a. Hint. See Problem 518 and the second Guldin’s theorem. 


521. (a) 7/4; (b) ~; (c) 1/4. 
522. F(y) = In(1+-y). Hint. Integral F(y) converges for any y > —1. 
F'(y) = | e-MWtD dy = 
0 

converges uniformly for any y = yp > —1, therefore differentiation with respect 
to the parameter y under the integral sign is legitimate in the indicated interval. 
Taking into account that F(0) = 0, we obtain F(y) = In(Qv +1). 

523. F(y) = Vay (vy > 0). Hint. As we know, 


a 
yti 


co 


J exp (—f?) dt = + vn, 


F’(Qy) = | exp (—yx*) dx = exp (—2°) dt = yt 
vy 2 » 
0 0 
The last integral is uniformly convergent for y = yo > 0. 
1 


524. Integrating f x¥ dx = si with respect to the parameter y between 
0 


6 and a, we obtain 


: B 
x%— 
= [AX as, 
In x 
0 


api lpe 1 

r xy |= 
i} Live dy= | [Jor dx= fir he 
B bo o lg 0 





a 
dy a atl 
f5Z;-mo+nl nT 
Hence, 
[agen = in tt! 
Me +1° 


Note that in the domain 0 < x < 1, -1 < 6B < y < & the original integral con- 
verges uniformly. 
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525. Converges. Hint. Consider the circle with the e-neighbourhood of the 
origin U.(0) removed and pass to polar coordniates: 


2x 1 


ff Inv/x2+y? dx dy = f [rmrdete =a frac 


8\T_(0) 
1 2 Ed 
= 2n(-$ Ine-~z ee > €>0. 


526. (a) Converges uniformly by virtue of Weierstrass’ test 


|cos xy| = 1, — ‘|- <f ios \ sarctanx | = 3; 
0 C1) 





1+x? lo 


(b) Converges nonuniformly. The substitution x +/y = u shows that 


co 


J 4/y exp (— yx?) dx =| exp (—u?) du, 
oO 


) 


i.e. it is independent of the parameter y. For y = 0 the integral is equal to zero. 
Hence, the integral F(y) is a discontinuous function for 0 < y <oo. Conse- 


quently, the integral converges nonuniformly. It will be uniformly convergent 
if0< y= y <a, 


Chapter 8. 


527. \/5|n 2; the equation of AB: y = ; (x—4). 529. 24. 
ab(a® + ab + b*) 
3(a+b) 


y= oy @—x? (0<x <a). Taking x for the parameter, we obtain 


530. . Hint. The equation of the arc of an_ ellipse: 





aie i x Vale ait de. 
- 


0 


1 
sat. [ yas=2[ Ve4/ 144 ax = £@V3-0). 
r 0 


532. Pass to polar coordinates: X = QCOSP,y = O sin p. The equation of the 
circle x?+y? = 2ax or (x—a)?+y? = @ in polar coordinates has the form 
g'= 2a cos p (—2/2 <= yp < 1/2). The differential of an arc of this circle will be 


ds = Vf" (GF +/(PF dp = V4a" sin? p + 4a? cos* g dg = 2a dg. 
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Therefore 
ale 
J (x-y) ds = J (2a cos? p—2a cos © sin g) 2a dp 

—n/2 

nl2 

= 4a J cos? g dy = 2a°n. 
—nl2 
533. m= ae, RE arc sin va— (a > b). 
2 2Vae-b a 


535. 2n?b v/a? +b? 


536. x, = + a y= + a. Hint. The length of the arc of the half-arch 
of a cycloid 


irl = f / xO? +O dt = 
0 


7 
etd Tad = ta. 
x= 77 J xv¥@ Ty Oedt = +a, 


Ye = FT evr Ore dt = 


wie 


I2y yao = 7 (x29) Vx Oy O42 OF dt. 
rT 


539. 2. Hint. Take advantage of the property: f = f+ J ,r= Dy,4+L3. 
rem ith 

540. (a) 512/15; (b) 64/3; ()0. S541.(a)1; (b)1; ©) 1. 

542. gradu = {2x+y, 4y+x, 6z—6}. 543. (a) 2 = xy; (bb x=y=z. 

544. curl a = {0,0, 0}. 545. curl a = {1, 1, 0}. 

546. (a) Has, since curl a = 0 and R® is a simply connected domain; 

(b) has, curl a = 0; (c) does not have, curl a = {0, 1—y, z} # oin R®. 
548. (a) and (b) are exact differential equations; (c) is not an exact differential 


: to) Ox 
equation (curt {2—y, x} #0 or By (2-—y) # a): 


549. x?+x8y—y3 = C. 550. 3x2y—y? = C. 551. xe-9-y®? = C. 


552. x43 =- C. Hint. The potential function U(x, y) for the vector 


“ 2 2 3 
= 3xP+y ies ae 7 Sy } should be found as the integral of the second kind 


of the vector a. Any curve not intersecting the x-axis may be taken for the 
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integration path. For instance, we may take 
the polygonal line connecting the points (1, 1), 
(x, 1), (x, y) (x > 0, y > 0) (See Fig. 100). If 
the point (x, y) lies in the lower half-plane, 
then for the initial point we take any point lying 
below the x-axis, for instance, the point (0, 
—1). 

553. curl {yz, xz, xy} = 0; U(x, y, z) = xyz. 
The general solution: xyz = C. Any of the 
. variables can be regarded as a function of the 
Fig. 100. two other independent variables. 

554. xy+xz+yz=C. 


555. p0xe?7+2)=C. 556. ff (x? + y*) dx dy. 
Q 





557. J { e(y—x) dx dy. 558.0. 559. —1/3. 
Q 


560. 2R1/2. Hint. Apply Green’s formula and pass to polar coordinates. 


561. mQ = 7 fice dx +x dy) 
r 


2n 
1 : - fs 3 
= sf (a sin® t-3a cos? ¢ sin t + acos? t-3asin? tcos t) dt = 37a. 
0 


562. curl a = o. This means that in the plane, vector a has a potential 
function. The work done by vector a is a line integral of the second kind which 
is independent of the path of integration; hence, the work done is also indepen- 
dent of the shape of the path of displacement: 


A= J @as) 2 [ew dx +x? dy), 
r r 


where I is an arbitrary curve connecting the points (1, 1) and (2, 5). Computing 
the integral along a concrete curve, we just obtain the numerical value of the 
work done. Here it is better to find the potential function by solving the exact 
differential equation: 2xydx+x*%dy=0 which is an equation with the 
variables separable. Solving, we obtain U(x, y) = x?y. Now the work A = 
= U(2,5)—U(1, 1) = 20-1 = 19. 


8 
564. 3 nat, 


part ofa circle x?+ y? = a’, found in the first quadrant: z = +/a?—x?—y?, 
= ame, 


‘ 
1 §66. v[aV/1+a?+In(a++/1+a’)]. Hint. The element of the area of the 
helicoid: dS = |r,|-|r,| du dv = 1/14? du dv. 
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568. xa‘/2. Hint. Reduce each term to a double integral along the correspond- 
ing projection on the coordinate planes. 

569. 0. Hint. Carry out the computation for each of the four faces separately. 
For instance, on the lower face Sf (an oriented triangle) the outward normal 
n(A) = —k, z = 0. Therefore 


| (vz dy dz4+-x2 dx dz | xy dx dy) = | xy dx dy = — | xy dv dy = -£ . 
st A*¥ A, 
where ~ 


Analogously, we proceed for the other faces lying in the coordinate planes. 
For the face Sf lying in the plane x + y+ z = a the cosine of the angle made by 
the outward normal with the z-axis is determined by the equality 

s cos (n, z) = 1/4/1 +22 +22, 
therefore 


{ (yz dy dz-+-xz dx dz+xy dx dy) 


st 
= [forzdydz+[f xedede+ [ff xydedy =a 
As A, 4; 


jeter lee (je =-£4£ =o, 


570. diva = 3(x?+y?+z’). 571. diva = 7 ay +f’). 


572. div (grad u) = 6. 
573. (a) curla = 0; 


i j k 
(b) curl (/(7)-c) = as x = = LM exe, 


IMecy fee S(Nc3 
574. (a) 0. Vector a = {yz, zx, xy}, therefore div a = 0. 


(b) 2h ff (x+y+z) dx dy dz; here a = {x?, y®, 2°}. 
@ 


(c) 2 (If Fae abe = 3 here a = . ’ Zs > “. r= Vx +y? +27, 
x+y +z r r r 
a 
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(d) fff du dx dy dz; here a = grad u; div (grad u) = du, where Au 
¢ 


_ Ou Ou, ty 
= dx? td? Oz ; 
l-z-y 


575. 1/2; diva — 3; Lae z~ 3 dx | dy | de. 
0 


576. 0 (see Problem 567). 577. 0. 
579, —4n. Hint. a = {y—z,z—x,x—y}, n= {1/r/2, 0, 1/+/2}, 


4 
((—2) dx+(z—x) dy+(x—y) dz) = | ——~ dS. 
J J v2 


where S is an ellipse lying in the plane x +z = 1. As is seen from Fig. 33, its 
semimajor axis is equal to 1/2, and the semiminor axis to 1. The area of this 
ellipse is 7 +/2. Prior to performing necessary computations, write the equation 
of the ellipse in the parametric form taking z (0 =< z < 2) for the parameter: 


x = 1-2, y =+/2z—2z*. We then divide the integral over I‘ into two parts: 
for y > Oand y < 0. Note that in the first case z varies from 0 to 2 and in the 
second from 2 to 0. 

580. 0. 


Chapter 9. 
583. Vx, if« > 1; 0 <x < 22, if 0< «<1. Hint. For 0 < a <1 apply 


Dirichlet’s test (%, = k~*, B(x) = cos kx). 
584. As many as desired. 585. —coo< x <0. 


586. (a) 2 ye yet SO (b) 3 sin nx 


nal 





nan 4 cos (2k +1) x 
© > -=s Qk+1? 


az 2 Scos(2k+1)x & 
© 7-ad, cep TRO" 


mu 2 & cos (2n+1)x 
© - Gta 2, enti 


(f) If a is an integer, then sin ax; if a is not an integer, then 


sin kx 





sin La 


+ Ss (—1)*t2 —— 


2sinax & nsin nx 
ee lao 
n=l 1 





2. 1 = n GCOS NX 
(g) — = sinh an| 55+) a (-1) eae |: 
a 


588. (a) 2 ee yet Sin x az 48 cos(2k+1)x 


Py n? 2 9k, @ktiP 
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Fig. 101. Fig. 102. 


Hint, When expanding the function into a series in terms of sines, we extend the 
function f(x) to (—2, 0) in an odd way, and then periodically over the entire 
number axis (Fig. 101). Further, see Problem 586, (a). When expanding into a 
series in terms of cosines we extend the function f(x) onto (—z, 0) in an even 
manner (Fig. 102). Then see Problem 586, (c). Note that in this case the extend- 
ed periodical function is continuous on the entire axis. The Fourier series 
converges uniformly throughout the axis. 

2 & cos(2n+1)x 


(o) 5 2 2"* Fig. 103; 2 F 


n=, an 7 ety (ntl? (Fig. 104). 











Fig. 104. 
1 4e (ntl 
589. > — Sy Yi Qn+1) cos ( ; ax). 


590. (a) 2; (b) 2/4. 
591. (a) If Il= 1/V5; () IS l=V272; © ISI = V@=N?2:; 
(4) WF ll = 1/3. 


§92. 0 <a < 1/2. 
593. For any «>0 the sequence converges to zero nonuniformly 


(, max f(x) = 1). For x > 0 converges to zero in the mean. 


sea 
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595. F(s) = \/2 (0) cos ts dt = /2 fou Bat Ve 2 ing. 


1, O<x.<a, : 
596. f(x) = 6 ‘ Hint. Take advantage of the repeated 
, >a, 


Fourier integral 


fois =f cos xs ds { f(t) cos ts dt, 
oO 


i) 


valid for the function f(x) which is piecewise continuous and absolutely inte- 
grable on (0, <0) (see Problem 595). 


sin(1+s)a_ sin(s—1)a 
597. F(s) = —— | —_—— + —"—_— 
® Fa l+s s—-1 |: 


598. Q(s, r) = a/2] ene dx = 4/2 arc tan = . Hint. 
0 


Differentiating with respect to the parameter r, we obtain ((3], Sec. 4.14, (4)): 


oo 


tee 2] em oosredx = 4/2 aS. 
or t4 nx setr 
0 


O= /2 arc tan ~+¢, Os,0)=0, C=0. 


Hence, 


599. @) x 7 (i- e—**) (see Problem 598 and [3], Sec. 4.14, (6); (b) 63/697; 
(©) 51/290. 
Chapter 10. 


1/2 


600. A= | | Jule, )-s@|? do) <—L(1-o)+0 for g+1-0. 
| (g, 8) Vi (l-e Q 
Hint. The Fourier series of the function /(6) has the form (see Problem 
586, (c)): 
mn 4 & cos(2k+1)0 


[0 = 3-7 2, Geri 


The harmonic function (in the unit circle) generated by the function f(6) can be 
written in the form ((3], Sec. 5.3): 
a 
_n 46 ag 11 £08 (2K (2k +1) 4 
WG ge ae (kN? 


_ Answers 185 


Hence, on the basis of Parseval’s equality, we obtain 
ox 1 1/2 
ee — pt lye. aa 
(42 0-8 array) 
4 > 1 2 (1 er : a 
= ( ZA —eP tet ... +o%) ae) 


Aine on Mee = anh 
a(+5 ae tl 7 a( *) “We 


(see Problem 587). 


Remark. The harmonic function u(g, 6), y 
tends to f(0) along each radius (Fig. 105) 
as 9 > 1—0, also in the ordinary sense, but 
the rate of convergence will be somewhat 
worse than (1—). 
Indeed, for a fixed 0(1/2 < o < 1) let us 
choose a natural number N so that 1/(N+ 
+1) < 1-—¢@ <1/N, then (see Problem 376) 


luo, 6)—F(6)| : 
4a | cos (2k +1) 6] 
= 2 0-o"') “oan 


~~" 41 (2k-+1)? Pe (2k +1)? Fig. 105. 





ron | c c 
<= c(1-—0) Ini prs e) = c(1—o) In 7 0, oe-1-0, 


where the constants c are, ae speaking, distinct in different inequalities. 
601. Let us expand the function f(x) into a series in terms of sines (see Prob- 
lem 588, (b)) 
< sin 2nx 


fO)= ya 


1 





The solution of the problem under consideration has the form (see [3], Sec. 4.7, 
(1))): 
a 1 
u(x, t) = > oa aq OXP (—4n’t) sin 2nx. 


Using Parseval’s equality, we have 
co Bane 1/2 
we [x Gaz (exp (—4n80))| 


Let us fix ¢ (0 < ¢ < 1) and choose a natural number N such that 1/(N 4-1)? < 
<< £,< 1/N*. Then 


{ N n pay °° 1 1/2 
Ass ba an (1 exp (-4n t)) te iw’) 2 
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Applying Lagrange’s theorem and using the cstimaics from Problem 376, we 
obtain 


1/2 
Ax (Sa a (4n?t exp (— ant) + :) 


< (5: rts) ue =< e( en + wa) crt. 0, 1+0 
- N+1 Ny) : : 
02. 








cos (2n + HA) t sin (2n-+- It 
sc as 4 ¥ a Qn" Qn-F 1)? 


n=0 


(see [3], Sec. 5.5, (8), (11)). 
603. Using D’Alembert’s formula, we have 





| sin (2n +1) x 


Eo [arc tan (x +1)—arc tan (x—1f)]. 





1 
We OSs Fercengescesd =o 
1 fF of@)dt _ 
MeN | Gane = leap 
—0o -t 
l-z 
ae ie >= Le [are tan a! +are tan £2). 
a B+y on y y 
-l-2z 


If d = 1/2, then arc tan ((/—x)/y) + are tan ((/+-x)/y) = 2/2, i.e. (P-x%/y? = 
= 1—a semicircle (y > 0) of radius / with centre at the origin. 


1 x? 
606. u(x, t) = ——— exp (- ) 
JV 





1+4t 1+4 


Chapter 11. 


608. (a) |zZ1=5; (BK) lzli=1; ©lzl=4. 
609. (a) z = 2[cos (—2n/3) +i sin (—27/3)]; (b) 2 (cos (37/4) +7 sin (377/4)). 


610. (a) 2c; (b) 1-e7l2;  (c) 2e- 2/8; (d) 1-exp («-3) i. 
612. (a) 1728; (b) 1. 


613. (a) 4/2exp (=) (k = 0,1,2, 3); (b) +1, +i. 


1 
W=x-i?, —=—=3—-4. 
614. W = x-iy’, wo we Ee 


616. (a) A circle of radius r centred at the point Z); (b) ellipse a+ x =], 
B? = a*—c*, Hint. |z- c| is the distance from the point (c, 0) to z = (x, y). 
By definition, ellipse is the locus of a point which moves in a plane so that the 
‘sum of its distances from two fixed points in that plane is constant. 

1 x 1 1) -y 1 
(c) Re (;) = yap 2? Im (=) = siaays a These are 
a 


2 
ellipses: (v—1)? +-4y? = 1, 3 +(v412 = 1; 
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(d) xy = 1—a hyperbola; (e) » = x*--a parabola. 
617. (a) —1;  (b) —(5+12%)/13. 
619. (a) Acircle: |w| = 2 or u?+v? = 4. For z= ge’? w= 1 ow, and 


consequently, the circle |w| = 2 is traced clockwise if z traverses the circle 
{z| = 1/2 anticlockwise. ; 
(b) The ray coming along the bisector of the fourth quadrant from © into 0. 
(c) The axis Ov except the point O = (0, 0). If the point z moves along the 
y-axis from — co to -|-co, then the point w moves first from 0 to +00, and then 
from — co to 0. 
620. lim Z =—i. 


z—>t 


2 2 
621. Does not exist, since Rew = ~—Y has no limit as x > 0, y+ 0. 


x+y? 

622. Yes. 

623. (a) w’ = 2z; (b) the derivative does not exist at the points belonging to 
the z-plane; (c) has no deriyative; (d) has the derivative equal to zero only at the 
point 0. 

624, f(z) =cosz, If’(Z)l,-0 = |cosO|=1, larg f(z) |,-0 = 
= |argcos 0| = 0. 

625. (a) z ~ 0; w’ = 3z?; (b) at the points z which are not zeros of the func- 
tion sin z, ie. z # (kx, 0) (kK = 0, +1, +2,...); ©)z 4-1. 

626. All the given functions are analytic except (b). 

627. (a) f(z) = 22+2z+Ci, where ImC=0; (b)) f(z) = 242—i)/2+ 
+Ci, where ImC=0; () f(z) =u+iv=(C-—zlnz)i, where v= 
=rypsing—rinrcosp+C, ImC=0 and Inz = Inr+ip. 





629. u = C arc tan 24, 


W-Wy Wa Wy 2-2, | 23-71 
W—We Wa—We Z—Ze  23—Ze 
are arbitrary triples of real numbers coming in an increasing order. 
632. w= z4. 633. (a) w= e*; (b) w=e*. 635. w= (1+) (1-2). 
2z-5 
636. w = 10nz* 
637. The integrand can be written in the form: 


141-22 = (1-2x) 4101429). @) 20-D; &) -2444 © -2. 


3 

638. 2. 

639. 1+coshz—nx(1+7)sinhz. Hint. Since the function w = zcoshz is 
analytic throughout the plane, we may integrate along path connecting the 
points 0 and x(1+i). Take advantage of the formulas: cosh iz = cos z, 
sinh iz = i sin z. 

640. (a) 7 +197; (b) —i/e. 641. (a) J = 0, since the integrand is analytic in the 





> Where 2, Zo, Z3 and w,, Wo, W3 





circle |z—2] <1; )I=- Fi; @r= Fem. 
642. (a) 2ni; (b) 2ni(—e-). Hint. sae = ee +f ..., Where C, 


fe c CQ, CO; 

and C, are the contours described about the singular points z = —1 and 
z = 0; C, and C, lie entirely inside the contour C and do not intersect each 
other. 
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644. —.~—. 645. ©. 646.0. 647. ~. 648. «©. 649. 1. 650. 1. 
651. 1. 
652. Y° (—1)" (n4+-1) 2 (\2| < 1). Hint. Differentiate the expansion 
iT) 


1 ~f 
Tez =r pa z ({z] =< 1). 
653. -: AG Iyer —2-" 2 (jz) = 1). Hint. First expand the func- 


tion in ace fractions. 
1 3 
655. ~$4% @-3)-% 2 3) +. .. (12-31 < 5): 
656. (a) |z] > 2; (b) |z+1] > 1/4. 
657. (a) -53(F } +32 = S-2-8-3) 2m; 
7 o 


0 
oo gn oo ] ; 2° — ae 
(b) ena ee © ae 1)z-"7, 
“4 1 3 

iene aca ee 8 (z- D+Ae- 1°- 





658. 


= ¥ Cree @<12-11< 2, 


Hint. It is possible to take advantage of the formula for the coefficients of the 
Laurent series 


on Oni mai | 1 ”) Grip ae 


where y is an arbitrary circle ae at the point z) = 1 and lying i in the annu- 
lus 0 < |z—1| < 2. The function f(z) = 1/(z?—1)? is analytic in this annulus. 
It is also possible to use the method of expanding /(z) in partial fractions: 


1/1 1 \3 
IGS a =<(4-a) 
: vil Pe epee a ee 
~ &z—-1)? 42—-D' 4241) ° 4241)?" 
2 : 1 1 . 
When expanding the functions Fray and G+? in powers of (z—1), use 
the technique applied in Problem 654. 
1 oz 2 2 
659. Tt 7 


3! 
660. z°+2? d : 
, 42’ +i +3, +775 
661. (a) Sea singularity; (b) pole of the fourth order; (c) essential 
singularity. 


+... ([z| > 0). 


—+... (2) > 0). 
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662, (a) z = O—a removable singularity, z = o—an essential singularity; 
(b) z = O—an essential singularity, z = co—a removable singularity; (c) z = 0 
—an essential singularity, z = oo—a removable singularity; (d) z, = (x + 5) ni 
—simple poles (n = 0, +1, +2, ...). Hint. The numbers z, are zeros of the 


function w = cosh z. In the neighbourhood of z, the function tanh z can be 
represented in the form 


cosh (z—z,) 


G@s2) = G- Zn) 


tanh z = 


z =co is an essential singularity, since the limit of tanh z, as z -~00, does not 
sinhiy isiny _ 


coshiy cosy 





exist: for z = x tanh x > 1, x +00; for z = iy tanh z = 
= Itan y and for y + oo the limit does not exist. 
665. (a) Res f(z)=0, Res f(z) = 


s=0 zm 00 


(b) Resf@= 57, Res S() = 3s 


2 
© RsfO=-g, RsfO=f, Rs fo=g-f. 
(d) Res f() = 1/2, Res f(z) =—1/2. Here we take advantage of the 


basic iReoreen on residues. ‘Expansion of the function (z—2) exp (1/(z—2)) in 
powers of z is a rather cumbersome problem. 


667. (a) —3 ais (b) ni; (©) —2i/4/2; (d) ai. 


669. (a) x/4/2; (b) x/ab (a+b); (C) 2n/3; 
1-3-5....(@2n—-1) ___—s a(2n)! 

© 46... In 7 Pnhe 

670. (a) me~*/2;  (b) 0. Hint. Consider the function 


f@) = age 
~ @+ie 
671. T= sa (l— e~*), 
Chapter 12. 
673. (a) a ; (b) Pro" 674. No, since g(p) is a periodic function. 


2 3 1 
675. -—3; (b) 2- 
@) pS ©) pe+9 +542" 


676. No, since the growth of the function exp (¢?) is higher than that of any 
exponential function exp (sot) (for any constant 59) as f > 00, 
P(p? +m? +n’) 


OTT. + met Pan 
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_PP+l8- 2418 : = 
W436 (b) F(p) = 
= cost, f(0)=1, F(p) ss); 


S’@® =—4 cos’ t sin ¢ = —2 cos? t sin 2t 


p*+16p?+24 


678. (a) F(p) = p(p? +4) (p? +16) ° 


Hint. f() = 


= —(1+cos 22) sin 2¢ = —sin at sin 4t; 

















2 
Gy Wain e act he a 
POs pPt+4 2 ns 
2p? — 6p ( P ys 2 ; 
679. (a) al Bri) = Peost)s ©) a top: 
6 2, 6 
680. (a) (oF? (b) ( aa 1? (see Problem 679). 
Pp. VPP +4 1, p+it 
681. (a) rn a (b) + In r 3; © es 
] 1 
682. (a) sint'——, eMsints 1, _; 
(a) sint Pal e*sint @a3aai 
2 p—1)?—-6(p—1) _ Ap—1)(p—4) 
© DIF ~ G=apeae Crobiem 79) 
683. (a) For the function f(t) = sin t 4 , therefore 
F A 1 e-# 
= —b) =e? ——: aie 
by the shift eae sin (¢—b) 09 (t aah 3 : Pai? (b) =a) 
* +e™ ‘ ’ 
684. (a) Pree ot Ora 2] Tom: Hine. 
(k4+1)n 
Lisin |; p]) = 53 id e-* |sin t| de 
0 
(2k+1)7 (2k+2)% 
-§ J e-”' sin t dt — i} e77t snrat 
(2k+1)0 
ae ee pi] [e~ +t ))pr 4 e@7cken 4. e7 kt Dpn 4 e~ veh + Dry 
oP 
oe 1 e — pk me] 
= [Se » tye 
1 1 2 Pp _ o2 
685. (8) OT pT? se P Prk ~ Pp 1) 
686. f0=5) w-a Hte an 


687. f(t) =—1+4+ 4 e tz cos pe sint. Hint. Expand the rational 
function F(p) in partial fractions and make use of the table of transforms, 
688. (a) f(t) = Fete); (b) f() = t—sin t. 
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690. (a) e~* sin t; (b) Ste sin ¢. 
691. (a) x(t) =(t+ Ie“; (b) x(t) = (¢-1) sine; 
ee NY A o-tg 
() x() = 3 tse cos 2t+ ge sin 2t. 
692. (a) x(t) = t arc tan r+ In (142). Hint. First consider the problem 
x’ = 1, x(0) = x’(0) = 0. Its solution: x,(¢) = 2/2. By Duhamel’s formula, 


x(t) = fit auld dr, 
(b) y = (Sinx—x cos x)/2; (©) y = e*+4 cos x—2 sinx—5. 


694. a) x =e, WN=e 


3 3 3°: 
(b) x(t) = a al “O-F cos t+e sin 2¢, 


y(t) = 3 a -H44 cos at sin 2t—cos ft, 




















8 
z(t) = cost; 
3 1 3 1 2 
= — pty pte ae eyo Be 
(c) y(x) ae + 4° e7, 2(x) r et 12° 3 e*, 
695. (a) ~~ e-"*. Hint 
e 2a . int. 
LU(x); p] = J ° —P* cos xt | aan 
0 
1 1 
=| ot aqn ap! [eee-aral# 
0 0 
= td PT Po. OD 
= Bae ?|5 arc tan po ai arc tan <i, =F apt! ap = 34 aie 
Hence, I(x) = — 5, exe (— ax). 
(b) LUC); pl = i} ( J eo sin xt ax) alae 
0 0 
a Bch. . cost dt = cos ¢ dt —  o-p 
J pre ot J p+ 2p 
Q 0 


According to the table of transforms I(x) = F 7e—1), x#1If x=1, 


then 1a) =.5- f 8 ar = 1 — _ 
o 0 
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